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traders apply Bayes Law consistently, returns are predictable. In addition to trading on long-

term fundamental value, traders also trade on perceived short-term opportunities arising

from foreseen future disagreement, as in a Keynesian beauty contest. Contradicting con-

ventional wisdom, this short-term speculation dampens price fluctuations and leads to

time-series momentum. Model calibration generates quantitatively realistic patterns of re-

turn dynamics. Consistent with empirical evidence, our model predicts more pronounced

momentum for stocks with higher trading volume.
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Although researchers have documented short-run time-series momentum in equity returns,

they have found it notoriously difficult to explain theoretically why this pattern can occur in a

competitive market. We present a dynamic model of competitive trading based on flows of new

private information. The model generates time-series momentum endogenously by relaxing

the rationality assumption in only a minimal way.

As new information arrives, all traders apply Bayes Law consistently and optimize correctly,

with the single exception that each trader symmetrically assigns a higher precision to his own

signal than to other traders’ signals. As a result of this relative overconfidence, each trader antic-

ipates that, upon observing new information in the future, others will correct their mistakes by

adjusting their valuations towards unconditional levels. To profit from this perceived short-run

return predictability, traders make speculative trades which bet against other traders’ expec-

tations. This dampens prices relative to traders’ own long-term valuations and leads to time

series momentum even if traders’ signals are empirically correct on average.

For example, suppose all traders have positive signals such that they all agree that the funda-

mental value is $30. Since each trader believes that others are putting too much weight on both

their current and future information, each trader believes that other traders will revise their

expectations downward in the future. As a result, each trader would want to trade on this short-

term profit opportunity by selling today at price $30 and plan to buy at better (lower) prices

later. This internalization of future disagreement reduces the price today below $30, even when

all traders correctly agree that $30 is an accurate estimate of fundamental value. As Keynes puts

it, “it is not sensible to pay 25 for an investment of which you believe the prospective yield to

justify value of 30, if you also believe that the market will value it at 20 three months hence.”

While this short-term trading faithfully reflects the logic of a Keynesian beauty contest, its

empirical implication contradicts Keynes’s unmodeled intuition that short-term speculation

amplifies volatility and leads to mean reversion in prices. In contrast, our theory implies damp-

ened price fluctuations, dampened volatility, and therefore momentum—exactly the opposite

of what Keynes expected. We first confirm our insight using a two-period model with closed-

form solution. We then obtain a quasi-closed-form numerical solution to an infinite-horizon

discrete-time model. Price dampening is more pronounced in the infinite-horizon dynamic

trading model than in the two-period model. The intuition that prices are dampened because

of speculative trading suggests the hypothesis that increasing the frequency of trading will in-

crease momentum. Indeed, we show that increased trading frequency magnifies speculative
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trading in a Keynesian beauty contest and leads to larger momentum.

With belief heterogeneity, empirical prices and quantities depend on both traders’ beliefs

and the empirically correct model specification which ultimately govern the dynamics of fun-

damentals and information. For example, when traders’ beliefs about the decay rates of signals

are different from the empirically correct parameter, the expected returns are described by a

structural model which is linear in state variables including the current levels of prices and div-

idends as well as exponentially weighted averages of these variable in the past. We calibrate

model parameters and obtain positive return autocorrelation over short periods of one to two

years and negative autocorrelation over longer horizons, matching empirically observed return

patterns. Time-series return momentum arises from price dampening, and return mean re-

version arises when traders believe that the signals decay at a slower rate than the empirically

correct parameter implies.

Our results contribute to the theoretical literature concerning whether differences in be-

liefs or expectations can generate price drift (defined as positive return autocorrelation). The

rational expectations paradigm of Muth (1961) implies that price changes are unpredictable be-

cause prices aggregate fundamental information correctly when traders are correct on average,

even when individual traders make mistakes. It may thus seem reasonable to attribute return

predictability, including momentum, to irrational behavior or bounded rationality. Yet, when

return anomalies are motivated by behavioral biases, Fama (1998) suggests that a Pandora’s box

is opened, undermining modeling parsimony by enabling one plethora of behavioral biases to

explain another plethora of anomalies. We therefore explore the suggestion of Morris (1995) for

“dropping the common prior assumption from otherwise rational behavior,” based on the idea

that even rational agents may have heterogeneous beliefs. We do this by assuming overconfi-

dence, like Aumann (1976).

Allen, Morris, and Shin (2006) attribute price drift to iterating expectations in a market

where traders are assumed to share a common prior but observe different information. Yet,

Banerjee, Kaniel, and Kremer (2009) point out that in such a noisy rational expectations model,

when traders are allowed to learn from price, returns should exhibit mean reversion, not mo-

mentum, due to the noise in prices. Banerjee, Kaniel, and Kremer (2009) also show that, for het-

erogeneous beliefs to generate price drift, it is necessary for traders to disagree not only about

the joint distribution of signals and fundamental value but also about the joint distribution of

signals themselves. They present a three-period model in which traders receive signals only at
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date 0, and aggregate noisy asset supply follows a random walk. Yet, Kyle and Wang (2020) show

that, contrary to claims made in their paper, there is no positive return autocorrelation under

these assumptions.

Our two-period model and infinite-horizon model satisfy both of the necessary conditions

for price drift pointed out by Banerjee, Kaniel, and Kremer (2009). Our model generates pos-

itive return autocorrelation by assuming that traders receive new signals over time, disagree

about how to interpret the signals both in the present and in the future, and understand cor-

rectly how this disagreement plays out in prices, reflecting trading in the real world. In our

framework, these provide sufficient conditions to generate price dampening and return mo-

mentum. The return predictability is related to the perceived order flow predictability due to

traders’ short-term speculative trading based on disagreement about the information content

of future signals.

Our model is similar to Kyle, Obizhaeva, and Wang (2018), who show how strategic traders

rationally smooth out their trading in continuous time to reduce permanent and temporary

price impact. It is different in that we assume a competitive model of trading in discrete time.

Assuming perfect competition and discrete trading allows us to make direct comparisons with

the existing literature, which also assumes perfect competition and discrete time. Assuming

discrete-time trading also allows us to show that momentum is more pronounced when trading

opportunities are more frequent.

Hong and Stein (1999), Barberis and Shleifer (2003), and Greenwood and Shleifer (2014)

generate return predictability by assuming that traders follow simple trading rules and do not

extract information from prices. Gruber (1996), Lou (2012), and Vayanos and Woolley (2013) de-

rive time-series momentum from the aggregate amount of money chasing returns. Detemple

and Murthy (1994), Basak (2005), Jouini and Napp (2007), Dumas, Kurshev, and Uppal (2009),

Xiong and Yan (2010), Cujean and Hasler (2014), Atmaz and Basak (2015), and Ottaviani and

Sorensen (2015) derive return predictability from the interaction of beliefs aggregation and

wealth effects. Andrei and Cujean (2017) study word-of-mouth communication instead of be-

liefs aggregation as a mechanism that generates return predictability. In our model, return pre-

dictability is unrelated to traders following simple rules, wealth effects, the flow of money into

the market, and word of mouth communication. Instead, we assume traders follow optimal

strategies, there are no wealth effects, the asset is in zero net supply, and traders infer other

traders’ information from prices.
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Consistent with empirical evidence, our model implies time-series momentum to be more

significant when disagreement among traders is larger and assets are more actively traded. Lee

and Swaminathan (2000) and Cremers and Pareek (2014) find momentum to be stronger for

stocks with higher volume and more short-term trading. Zhang (2006) and Verardo (2009) show

that momentum returns are larger for stocks with higher analysts’ disagreement. Moskowitz,

Ooi, and Pedersen (2012) document time-series momentum in liquid futures contracts. Our

findings may also be relevant for empirical research on return predictability in models with

heterogenous beliefs, such as Greenwood and Shleifer (2014) and Buraschi, Piatti, and Whelan

(2016).

This paper is structured as follows. Section 1 presents a two-period model and describes

intuition behind price dampening. Section 2 considers a competitive dynamic model with dis-

crete trading and further clarifies mechanisms generating price dampening. Section 3 analyzes

predictions for holding-period returns. Section 4 calibrates the model parameters. Section 5

concludes. Proofs are in the Appendix.

1 A Two-Period Model

To explain the economic intuition behind price dampening and time-series momentum, we

first present a simple two-period model.

1.1 Model Setup

Consider a two-period model of competitive trading among N traders with different beliefs. A

risky asset with random liquidation value v ∼ N(0 , 1/τv) is traded for a safe numeraire asset.

The total supply of the risky asset is zero.

Traders trade in periods 1 and 2, and the payoff v is realized at period 3. At periods t = 1 and

t = 2, each trader n observes private signals int ,

int ∶= τ
1/2
n (τ

1/2
v v)+ent ,

with ent ∼N(0,1). The asset payoff v and 2N private signal errors e1t , . . . , eN t with t = 1, 2 are

independently distributed.1

1We deviate from the standard approach in the literature, which assumes that a signal has the form value-
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In equilibrium, prices are functions of the average of traders’ private signals.2 Therefore,

each trader n can infer from the equilibrium price the average of other traders’ private signals,

denoted i−nt :

i−nt ∶=
1

N−1

N

∑
m=1,m≠n

imt .

To generate trading, we assume that traders agree to disagree about the precisions of private

signals τn . Each trader is “relatively overconfident,” believing his own signal has a high precision

τn = τH and other traders’ signals have low precision τm = τL for m ≠n, with τH > τL ≥ 0.

Each trader has the same exponential utility function with constant-absolute-risk-aversion

parameter A. At each period t = 1, 2, trader n’s problem is to choose the optimal inventory Snt

to maximize his expected exponential utility function of terminal wealth at time t = 3:

En
t [−e−A Wn3] , (1)

where En
t [. . .] denotes trader n’s expectation conditional on all signals at period t = 1, 2, and the

terminal wealth Wn3 is

Wn3 =Wn1+(P2−P1)Sn1+(v −P2)Sn2.

The prices P1 and P2 are set to clear markets each period.

Let Varn
t [. . .] denote trader n’s variance operator conditional on all signals at period t = 1, 2.

The projection theorem for normally distributed random variables implies that the conditional

error variance is related to signal precision τt at time t = 1 and 2 by

τt ∶= (Varn
t [v])−1

= τv (1+(τH +(N −1)τL) t). (2)

plus-noise, and its informativeness is given by the variance of the noise term. Instead, we rescale signals by
the standard deviation of noise terms τ

1/2
n , so that the coefficient on the diffusion term is exactly one. This

makes it harder for a trader to learn about the precision of a signal from its sample variance. If we assume int ∶=

(τn +1)−1/2 (τ
1/2
n (τ

1/2
v v)+ent) , with trader n believing that his signal’s precision is τn = τH and other traders’ sig-

nal precision is τm = τL , m ≠ n, then it can be shown that Var(int) =Var(imt) = 1, and traders do not disagree about
the variance of signals. We show that the dynamic dampening effect arises and return still exhibits momentum in

this setting because traders disagree about the coefficient of v in the signals, τ
1/2
H (τH +1)−1/2 > τ

1/2
L (τL+1)−1/2. To

make the two-period model comparable to our continuous-time setting where a trader can estimate the diffusion
variance (quadratic variation) with high accuracy (see footnote 6), we rescale signals so that the coefficient on the
noise term is exactly one in the two-period setting.

2For expositional simplicity, we assume there are no public signals in the two-period model. Including public
signals does not change any of our main results.
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Trader n’s expected value of v at time t = 1,2 is

En
t [v] =

τ
1/2
v

τt
(τ

1/2
H

t

∑
s=1

ins +(N −1)τ
1/2
L

t

∑
s=1

i−ns) ,

which puts weight proportional to τ
1/2
H on trader n’s own private signals int and to τ

1/2
L on oth-

ers’ private signals imt , m ≠n.

1.2 The Equilibrium with Myopic Conditional Mean-Variance Optimizers

We first solve for equilibrium prices when traders are myopic and hold conditional mean-variance

optimal portfolios.3

Theorem 1 (Equilibrium with Myopic Conditional Mean-Variance Optimizers). At t = 1, 2, (1)

trader n’s myopic mean-variance optimal inventory is

Šn1 =
En

1 [P̌2]− P̌1

A Varn
1 [P̌2]

, Šn2 =
En

2 [v]− P̌2

A Varn
2 [v]

, (3)

and (2) the prices P̌1 and P̌2 are

P̌1 =
1
N

N

∑
n=1

En
1 [P̌2] = Čg

1
N

N

∑
n=1

En
1 [v] , P̌2 =

1
N

N

∑
n=1

En
2 [v] , (4)

where the coefficient Čg satisfies 0 < Čg < 1 and is given by

Čg ∶= 1−
τv

τ2
(1− 1

N )(τ
1/2
H −τ

1/2
L )

2
. (5)

Proof: The proof is in Appendix A.1.

In the case with myopic mean-variance optimizers, traders do not have any hedging de-

mand. Equation (3) in Theorem 1 implies that each trader’s optimal inventory at t = 1 is his

short-term speculative position. Equation (4) in Theorem 1 implies that the equilibrium price

3The results are equivalent to the results of assuming that traders must consume their period t trading gains at
period t (t = 2, 3), so they choose optimal inventory Snt (t = 1, 2) to maximize En

1 [−e−A Wn2] and En
2 [−e−A Wn3] ,

where Wn2 and Wn3 are Wn2 =Wn1+(P2−P1)Sn1 and Wn3 = (v −P2)Sn2.
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at t = 1 is a weighted average of traders’ expectations of the fundamental value v with weights

summing to a constant Čg , which is less than one.

In our setting, traders agree to disagree about the interpretation of signals in the present,

and they also agree to disagree about how to interpret the signals arriving in the future. More

specifically, each trader n observes both int and the average of others’ signal i−nt (t = 1, 2) and

he believes that both his current and future signals have a high precision and other traders’

current and future signals have low precision. As a result, even if all traders happen to agree

about the fundamental value at time t = 1 (so En
1 [v] = Em

1 [v] > 0 for all m ≠n), trader n’s current

expectation of the average of others’ future expectations En
1 [ 1

N−1∑
N
m=1,m≠n Em

2 [v]] is lower than

his own current and future expectations En
t [v], t = 1, 2. To see this, it can be shown that, trader

n’s expectations of others’ expectations next period can be written as

En
1 [

1
N−1

N

∑
m=1,m≠n

Em
2 [v]] = (1−(τ

1/2
H −τ

1/2
L )

2 τv

τ2
)En

1 [v]−
τ1

τ2
(En

1 [v]− 1
N−1

N

∑
m=1,m≠n

Em
1 [v]) . (6)

At time t = 1, trader n’s estimate of P̌2 is

En
1 [P̌2] = En

1 [ 1
N

N

∑
n=1

En
2 [v]] =

τ1

τ2

1
N

N

∑
n=1

En
1 [v]+

τv

Nτ2
(τ

1/2
H +(N −1)τ

1/2
L )

2
En

1 [v] .

If all traders happen to agree about the fundamental value at time t = 1 (i.e., En
1 [v] = Em

1 [v] > 0,

for all m ≠n), we obtain

En
1 [P̌2] = (1−

τv

τ2
(1− 1

N ) (τ
1/2
H −τ

1/2
L )

2
) 1

N

N

∑
n=1

En
1 [v] < 1

N

N

∑
n=1

En
1 [v] . (7)

Equation (7) implies that each trader n expects the price to fall below fundamental value in

the next period. In addition, at t = 1, each trader n expects his own optimal inventory and the

average of others’ optimal inventory next period to be

En
1 [Šn2] =

En
1 [En

2 [v]− P̌2]

A Varn
2 [v]

=
(N −1)τv

A N
(τ

1/2
H −τ

1/2
L )

2
En

1 [v]+
(N −1)τ1

A N
(En

1 [v]− 1
N−1

N

∑
m=1,m≠n

Em
1 [v]),

(8)
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En
1 [ 1

N−1

N

∑
m=1,m≠n

Šm2] =
En

1 [ 1
N−1∑

N
m=1,m≠n Em

2 [v]− P̌2]

A Varn
2 [v]

= − 1
N−1 En

1 [Šn2] . (9)

Equation (8) implies that, if all traders happen to agree about the fundamental value at time

t = 1 (so En
1 [v] = Em

1 [v] > 0, for all m ≠ n), then each trader expects himself to buy and others

to sell next period because each trader expects prices to fall in the next period. Each trader

believes that others make the mistake of attributing too much precision to their current signals.

Each trader anticipates that, upon observing new information in the future, others will adjust

their valuations towards unconditional levels, and thus each trader expects others to sell and

prices to fall at t = 2.

Therefore, even if the price at t = 1 was equal to the consensus fundamental valuation (P̌1 =

1
N ∑

N
n=1 En

1 [v]), all traders would want to hold short positions (Šn1 < 0) at t = 1 because all of

them would expect prices to fall below fundamental value in the next period. In the case with

myopic mean-variance optimizers, the equilibrium price P̌1 is traders’ average expectations of

next period price P̌2. Since all traders expect prices to fall below fundamental value in the next

period (equation (7)), it follows that

P̌1 =
1
N

N

∑
n=1

En
1 [P̌2] = (1− τv

τ2
(1− 1

N ) (τ
1/2
H −τ

1/2
L )

2
) 1

N

N

∑
n=1

En
1 [v]

= Čg
1
N

N

∑
n=1

En
1 [v] ,

(10)

where the dampening factor Čg defined in equation (5) satisfies 0 < Čg < 1.

To summarize, all traders internalize at the present their perceived disagreement with one

another about future valuations. If prices were equal to the consensus fundamental valuation,

all traders would want to hold short positions at t = 1. As a result, the equilibrium price becomes

dampened in the first period relative to traders’ average contemporaneous expectations about

the fundamental value, 1
N ∑

N
n=1 En

1 [v]. The price dampening effect increases (Čg is lower) in the

magnitude of disagreement τH/τL . Since traders do not have any hedging demand in the set-

ting with myopic conditional mean-variance optimizers, it implies that the key driving force of

the price dampening is traders’ short-term speculation due to their disagreement about future

valuations.
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1.3 The Equilibrium of the Two-Period Model

We next solve for the general two-period trading model where trader n chooses the inventory

Snt (t = 1,2) to solve his optimization problem (1). The following theorem characterizes the

equilibrium in the two-period model.

Theorem 2 (Equilibrium of the Two-Period Model). (1) At t = 2, trader n’s optimal inventory Sn2

and the price P2 are given as

Sn2 =
En

2 [v]−P2

A Varn
2 [v]

, P2 =
1
N

N

∑
n=1

En
2 [v] .

(2) At t = 1, trader n’s optimal inventory is

Sn1 =
Covn

1 [En
2 [v],En

2 [v]−P2]+Varn
2 [v]

A (Varn
1 [P2](Varn

1 [En
2 [v]]+Varn

2 [v])−(Covn
1 [P2,En

2 [v]])2
)

×((En
1 [P2]−P1)−

Covn
1 [P2,En

2 [v]−P2]

Covn
1 [En

2 [v],En
2 [v]−P2]+Varn

2 [v](En
1 [v]−P1)) . (11)

The price P1 is a weighted average of traders’ expectations of the fundamental value v with

weights summing to a constant Cg , which is less than one:

P1 =
1
N

N

∑
n=1

En
1 [P2]−

Covn
1 [P2,En

2 [v]−P2]

Varn
1 [En

2 [v]−P2]+Varn
2 [v] (

1
N

N

∑
n=1

En
1 [v]− 1

N

N

∑
n=1

En
1 [P2])

=Cg
1
N

N

∑
n=1

En
1 [v] .

(12)

Proof: The proof is in Appendix A.2. Equation (A-4) is a closed-form expression for the

dampening factor Cg .

Trader n’s optimal inventory at t = 1 (equation (11)) can be decomposed into two compo-

nents: (i) A long-term position (buy and hold position) proportional to En
1 [v] −P1, similar to

the holdings in a one-period model; and (2) A short term speculative position proportional to

En
1 [P2]−P1.

Equation (11) in Theorem 2 implies that trader n’s long-term position is proportional to
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En
1 [v]−P1 and the proportionality constant is negative since

Varn
1 [P2]Varn

1 [En
2 [v]] > (Covn

1 [P2,En
2 [v]])2 ,

Covn
1 [P2,En

2 [v]−P2] =
τ2

v(N−1)
τ1τ

2
2N 2 (τ

1/2
H +(N −1)τ

1/2
L )

2
(τ

1/2
H −τ

1/2
L )2 > 0,

(13)

with parameters τ1 and τ2 defined as in equation (2).

As explained in the previous section, traders agree to disagree about how to interpret the

information today, and they understand that they may continue to disagree with one another

about how to interpret new information in the future. Even if the price at t = 1 were equal to the

consensus fundamental valuation, all traders would expect prices to fall below fundamental

value in the next period. As a result, even if trader n’s estimate of the fundamental value is

greater than the price at t = 1 (En
1 [v] >P1), traders’ optimal “long-term position” is negative.

Equation (11) in Theorem 2 also implies that trader n’s short-term position is proportional

to En
1 [P2]−P1 and the proportionality constant is positive. Since P2 = P̌2 =

1
N ∑

N
n=1 En

1 [v], similar

to the case with myopic mean-variance optimizers (equations (7) and (8)), if all traders happen

to agree about the fundamental value at time t = 1 (so En
1 [v] = Em

1 [v] > 0, for all m ≠n), then

En
1 [P2] = En

1 [P̌2] = (1− τv
τ2

(1− 1
N ) (τ

1/2
H −τ

1/2
L )

2
) 1

N

N

∑
n=1

En
1 [v] < 1

N

N

∑
n=1

En
1 [v] , (14)

and each trader n expects himself to buy and others to sell next period because each trader

expects prices to fall in the next period.

Therefore, if the price at t = 1 were equal to the consensus fundamental valuation (P1 =

1
N ∑

N
n=1 En

1 [v]), all traders would want to hold short positions due to short-term speculation

(En
1 [P2] −P1 < 0). It follows that both the long-term position and the short-term speculative

position are negative at t = 1.

Equation (12) in Theorem 2 shows that the price P1 is a weighted average of traders’ esti-

mates of the fundamental value of the asset ( 1
N ∑

N
n=1 En

1 [v]) and traders’ estimates of next pe-

riod’s price ( 1
N ∑

N
n=1 En

1 [P2]). Because traders expect prices to fall below fundamental value in

the next period, the weight on 1
N ∑

N
n=1 En

1 [v] is negative while the weight on 1
N ∑

N
n=1 En

1 [P2] is
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Čg
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Figure 1: Cg and Čg against τH/τL .

greater than one. We have

P1 =
1
N

N

∑
n=1

En
1 [P2]−

Covn
1 [P2,En

2 [v]−P2]

Varn
1 [En

2 [v]−P2]+Varn
2 [v](

1
N

N

∑
n=1

En
1 [v]− 1

N

N

∑
n=1

En
1 [P2])

=Čg
1
N

N

∑
n=1

En
1 [v]− τv

τ2
(1− 1

N ) (τ
1/2
H −τ

1/2
L )

2 Covn
1 [P2,En

2 [v]−P2]

Varn
1 [En

2 [v]−P2]+Varn
2 [v]

1
N

N

∑
n=1

En
1 [v]

=Cg
1
N

N

∑
n=1

En
1 [v] .

(15)

Different from the case with myopic mean-variance optimizers (equation (10)), the first line of

equation (15) states that price P1 is the average expectation of the price P2, adjusted for the extra

trading due to hedging demand related to traders’ expectation at t = 1 of the next period’s return

(En
1 [En

2 [v]−P2]). The first term in the second line is the same as the second line of equation

(10) in the myopic case. It shows that the average expectation of P2 at t = 1 is dampened rel-

ative to the average expectation of fundamentals, 1
N ∑

N
n=1 En

1 [v]. The last line combines terms

and shows that price P1 is further dampened relative to the average expectations of fundamen-

tals, 1
N ∑

N
n=1 En

1 [v], compared to the myopic case; we prove analytically that the coefficient Cg

satisfies 0 <Cg < 1. We have the following Proposition.

Proposition 1. The price dampening factor Cg satisfies 0 <Cg < Čg < 1. In addition, both Cg and

Čg decrease in the disagreement level τH/τL , holding fixed the total precision τH +(N −1)τL .

Proof: The proof is in Appendix A.3.

Figure 1 shows that price dampening factors Cg and Čg decrease in the disagreement level
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τH/τL .4 This is because traders trade more aggressively against one another with greater dis-

agreement. As illustrated in Figure 1, the difference between Cg and Čg is quite small for a large

range of parameter values. This suggests that the magnitude of the additional dampening ef-

fect from hedging demand at t = 1 is small, and the main driving force of the dampening effect

comes from traders’ short-term speculation on their disagreement about future valuation.

As in the simple myopic case, traders agree to disagree about the interpretation of sig-

nals in the present, and they also agree to disagree about how to interpret the signals arriv-

ing in the future. Each trader expects prices to fall below fundamental value in the next pe-

riod. Even if all traders happen to agree about the fundamental value at time t = 1 (assume

En
1 [v] = Em

1 [v] > 0, for all m ≠ n), trader n’s current expectation of the average of others’ expec-

tations En
1 [ 1

N−1∑
N
m=1,m≠n Em

2 [v]] is lower than his own expectation of fundamental En
1 [v]. All

traders internalize at the present their perceived disagreement with one another about the fu-

ture valuations. If prices were equal to the consensus fundamental valuation, all traders would

want to hold short positions because all of them would expect prices to fall below fundamental

value in the next period, as other traders are expected to revise their expectations. In aggregate,

the equilibrium price becomes dampened in the first period relative to traders’ average con-

temporaneous expectations about the fundamental value, 1
N ∑

N
n=1 En

1 [v]. The price dampening

effect increases (Cg decreases) in the magnitude of disagreement τH/τL .

For example, even if all traders expect the fundamental value to be $30 at t = 3, each of them

also expects others to be interpreting new information incorrectly and thus expects them to

revise expectations upon receiving new signal. If prices were equal to the consensus funda-

mental valuation of $30, all traders would expect prices to fall in the short run and thus would

trade on short-term profit opportunities by “selling” today to buy at better (lower) prices in the

next round. The internalization of future disagreement dampens the price today by driving it

below $30, even when all traders correctly agree that $30 is currently an accurate estimate of

fundamental value.

There is also a static dampening effect. The traders’ average valuation, 1
N ∑

N
n=1 En

1 [v], differs

from what it would be in a model with a common prior where the same amount of information

τH +(N −1)τL were known to be split equally across traders. Each trader believes that signals

of others have lower precision, and this disagreement pushes down the weight on each private

signal in the average valuation 1
N ∑

N
n=1 En

1 [v]. In Section 2.3, we show that this effect is implied

4Figures 1, 2, and 3 only depend on parameter values of τH , τL , and N . In all three figures, the total precision is
fixed, with τH +(N −1)τL = 4 and N = 100.
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by Jensen’s inequality.

In online Appendix B.1, we show that static dampening of private signals in the averages of

expectations shows up in an analogous one-period model; it is unrelated to dynamic trading.

In online Appendix B.7, we develop a model where static dampening does not occur, but yet

prices are dampened and returns exhibit momentum patterns due to Cg < 1.

1.4 Return Autocorrelations

We study return predictability in this subsection. We first show that each trader believes that re-

turns exhibit momentum. We then show that there is also positive return autocorrelation under

the assumption that empirically correct parameters give all private signals the same precision.

Traders use models with correct structure but with possibly incorrect parameters. While

traders’ possibly incorrect parameters affect prices, the properties of returns dynamics, such

as autocorrelations at different horizons, also depend on empirically correct model specifica-

tion of private information. Therefore, the properties of return dynamics are functions of both

traders’ (subjective) parameters and empirically correct (objective) parameters.

Proposition 2. (1) Each trader believes that prices exhibit momentum, defined as the covariance

of price changes being positive:

Covn [P2−P1 , P1−P0] > 0 and Covn [v −P2 , P2−P1] > 0.

(2) If traders are “correct on average” in the sense that the empirically correct precision of each

trader’s signal is τ̂n ∶= (τH +(N −1)τL)/N , then returns exhibit momentum in both periods:

Cov[P2−P1 , P1−P0] > 0 and Cov[v −P2 , P2−P1] > 0.

Proof: The proof is in Appendix A.4. Since traders are ex ante identical and the prior mean

of v is zero, it follows that P0 = 0. Equations (A-5) and (A-6) present closed-form expressions for

return covariances.

Positive return auto-covariance comes from the dampening factor Cg in the equation for

price P1 satisfying 0 <Cg < 1, not Cg = 1.

The equilibrium prices and trading strategies are determined by traders’ expectations based

on their beliefs. Prices are the same functions of signals int under both traders’ (subjective)
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Figure 2: Autocorrelations of Returns, Corrn [P2−P1 , P1−P0] for different disagreement level
τH/τL .

parameters and empirically correct (objective) parameters:

P1 =Cg
1
N

N

∑
n=1

En
1 [v] =Cg

τ
1/2
v

τ1
(τ

1/2
H +(N −1)τ

1/2
L ) 1

N

n

∑
i=1

in1,

P2 =
1
N

N

∑
n=1

En
2 [v] =

τ
1/2
v

τ2
(τ

1/2
H +(N −1)τ

1/2
L )( 1

N

n

∑
i=1

in1+
1
N

n

∑
i=1

in2).

(16)

Traders’ distributions for signals are different from the objective distribution of signals. On the

one hand, each trader n believes that his own signal has a high precision τn = τH , and other

traders’ signals have low precision τm = τL for m ≠ n. Therefore, for traders, the average of

private signals is

1
N

N

∑
n=1

int =
τ

1/2
H +(N−1)τ

1/2
L

N τ
1/2
v v + 1

N

N

∑
n=1

ent . (17)

On the other hand, under the empirically correct parameters that all private signals have the

same precision, the average of private signals under the empirically correct belief is

1
N

N

∑
n=1

înt = (
τH+(N−1)τL

N )
1/2

τ
1/2
v v + 1

N

N

∑
n=1

ent . (18)

Substituting equation (17) into equation (16), we show analytically that both Covn [v −P2 , P2−P1]

and Covn [P2−P1 , P1−P0] are positive. Substituting equation (18) into equation (16), we show

analytically that, under empirically correct parameters which give all private signals the same

precision, return covariance Cov[v −P2 , P2−P1] and Cov[P2−P1 , P1−P0] are positive.

Figures 2 and 3 depict how return autocorrelation changes with the disagreement level τH/τL
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Figure 3: Autocorrelations of Returns, Corr[P2−P1 , P1−P0] under empirically correct parameters
for different disagreement level τH/τL .

while holding fixed the total precision of the signals. Since the price dampening effect increases

(Cg decreases) in the magnitude of disagreement τH/τL , return autocorrelation tends to in-

crease in the disagreement level, under both trader’s beliefs and the empirically correct beliefs,

as illustrated in Figures 2 and 3.

1.5 Iterated Average Expectations

In this subsection, we discuss how price dampening is related to iterating average expectations.

Let Ēt denote the average expectations operator Ēt [⋅] ∶=
1
N ∑

N
n=1 En

t [⋅]. We will say that “average

expectations iterate” if Ē1[Ē2 [v]] = Ē1 [v].

With myopic mean-variance optimizers, equation (4) in Theorem 1 implies that average

expectations do not iterate when there is price dampening (Čg < 1):

P̌1 =
1
N

N

∑
n=1

En
1 [P̌2] = Ē1[Ē2[v]] = Čg Ē1 [v] < Ē1 [v] . (19)

In the general two-period model, equation (15) similarly implies that average expectations do

not iterate when there is price dampening (Cg < 1):

P1 = Ē1[Ē2[v]]− Covn
1 [P2,En

2 [v]−P2]

Varn
1 [En

2 [v]−P2]+Varn
2 [v](Ē1 [v]− Ē1[Ē2[v]]) =Cg Ē1 [v] < Ē1 [v] . (20)

For expectations to iterate in equations (19) and (20), it must be the case that Čg = Cg = 1 and

thus P̌1 = P1 = Ē1 [v]. This requires τH = τL , which implies that traders share a common prior

and also share common information because each trader infers sufficient statistics for other
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traders’ information from prices. Allen, Morris, and Shin (2006) find that average expectations

do not iterate when traders condition on different noisy signals. In their noisy rational expecta-

tions model, returns exhibit mean reversion, not momentum.

In models without a common prior, the following proposition provides conditions under

which average expectations do iterate.

Proposition 3. (1) If traders agree about the conditional distribution of v given signals, then

En
1 [Em

2 [v]] = En
1 [v] for any m and n and thus average expectations iterate, Ē1[Ē2 [v]] = Ē1 [v].

(2) If traders agree about the joint distribution of signals, then En
1 [Em

2 [v]] = Em
1 [v] for any m and

n and thus average expectations iterate, Ē1[Ē2 [v]] = Ē1 [v].

(3) If traders agree about the conditional distribution of v given signals or they agree about the

joint distribution of signals, then we have P1 = En
1 [P2] for any n, and thus there is no return

predictability.

Proof: The proof is in Appendix A.5.

Proposition 3 implies that if traders agree about the conditional distribution of v given sig-

nals or if traders agree about the joint distribution of signals, then we have P1 = En
1 [P2], imply-

ing that all traders believe that price follows a martingale and there is no return predictability.

Proposition 3 is similar to Proposition 2 of Banerjee, Kaniel, and Kremer (2009) that, for het-

erogeneous beliefs to generate price drift, it is necessary (not sufficient) for traders to disagree

not only about the joint distribution of signals and fundamental value but also about the joint

distribution of signals. They present a model (their Example 3) in which traders receive signals

only at date 0 and the aggregate asset supply follows a random walk. Kyle and Wang (2020) show

that, although their model has belief heterogeneity, it does not generate price drift; unlike our

model, there is no return predictability in their example.

In general, when expectations do not iterate, there may or may not be price dampening and

drift. In online Appendix B.6, we construct a model where the average of expectations do not

iterate, but under some conditions there is no price dampening or price drift.

2 A Dynamic Model

We next describe a competitive model in which information arrives continuously but trading

takes place at discrete intervals. The dynamic steady-state model can be calibrated to generate
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quantitatively realistic empirical patterns of return dynamics. In addition, extending to a dy-

namic trading model also allows us to show that return momentum is more pronounced when

traders trade more frequently.

The price aggregates traders’ heterogeneous beliefs and private information. Given their

beliefs, traders behave in a rational manner. They collect public and private information, con-

struct signals from available information, apply Bayes Law to predict returns, and calculate

optimal holdings. Yet, traders are collectively irrational in that each of them is relatively over-

confident, believing that the precision of his own private information flow is greater than other

traders believe it to be.

2.1 Model Setup

Both fundamentals and information evolve continuously over the time interval t ∈ (−∞,∞).

Trading takes place at discrete dates t = kh, where h > 0 is the time interval between each round

of trading, and k indexes time periods k = . . ., −2, −1, 0, 1, 2, . . . . Varying h allows us to examine

how trading frequency affects equilibrium prices and quantities, with continuous information

flows remaining the same. There are N risk-averse perfect competitors who trade a risky asset

against a risk-free asset at price Pk at times t = kh. The risky security is in zero net supply, and

the risk-free asset earns constant risk-free rate r > 0.

The risky asset pays dividends at continuous rate D(t). Dividends follow a stochastic pro-

cess with mean-reverting stochastic growth rate G∗(t), constant instantaneous volatilityσD > 0,

and constant rate of mean reversion αD > 0:

dD(t) ∶= −αD D(t) dt +G∗(t) dt +σD dBD(t). (21)

The growth rate G∗(t) follows an AR-1 process with mean-reversion αG and volatility σG :

dG∗(t) ∶= −αG G∗(t) dt +σG dBG(t). (22)

The dividend stream D(t) is publicly observable. The growth rate G∗(t), marked with a star

superscript, is not observed by traders. Each trader uses available information to estimate its

value. The model parameters αD , σD , αG , and σG are all common knowledge among traders.

If the dividend D(t) and the growth rate G∗(t) were observable, then the price would equal
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its fundamental value from a generalization of Gordon’s growth formula:

F(t) =
D(t)

r +αD
+

G∗(t)

(r +αD)(r +αG)
. (23)

Since traders do not observe G∗(t), their valuations have G∗(t) replaced with an estimate based

on available information.

Each trader n observes a continuous stream of private information dIn(t), with precision

τn , about the unobservable, growth rate G∗(t):

dIn(t) ∶= τ
1/2
n

G∗(t)

σG Ω1/2
dt + dBn(t). (24)

Each increment dIn(t) in equation (24) is a noisy observation of the unobserved scaled growth

rate G∗(t). The scaling factor Ω1/2 is defined in equation (26) below so that τn can be inter-

preted as the rate at which traders learn from signal dIn(t). Since our model is stationary,Ω is

constant. Since traders learn from prices which reveal other traders’ signals, the definition ofΩ

depends on how traders learn from both signals and prices.5

The symmetry of the model implies that traders infer from the equilibrium price the average

of other traders’ information flow about the growth rate:

dI−n(t) ∶= 1
N−1

N

∑
m=1,m≠n

dIm(t).

Each trader n is certain that his own private information In(t) has high precision τn = τH ,

and the other traders’ private information has low precision τm = τL for m ≠n, with τH > τL ≥ 0.6

5In addition to scaling the drift term by σG , we also scale it by Ω1/2. The scaling is chosen so that linear regres-
sion of G∗(t) on dIn(t) has constant incremental instantaneous R2 equal to τn dt . Traders learn from their own
private signal at a constant rate τn , which measures the percentage rate at which new information reduces vari-
ance, reflected in equation (35) below. Without this scaling, if our model were nonstationary, traders would learn
more about G∗(t) in markets where the prior variance of G∗(t) is large and less in the markets where it is small.

6A typical way of modeling private information, dIn(t) =G∗(t) dt +τ
−1/2
n dBn(t), would multiply the diffusion

term dBn(t) by τ
−1/2
n , which measures both the standard deviation of noise and the precision of the signal. Our

alternative approach in equation (24) instead multiplies the drift term by its reciprocal τ
1/2
n . Rescaling signals by

the factor τ
1/2
n does not affect the equilibrium when traders agree about τ

1/2
n but does affect the equilibrium when

traders disagree about its value. Using the typical approach in continuous time, a trader can estimate the diffusion
variance, and therefore τn , with high accuracy by measuring the quadratic variation of dIn(t) over short time
intervals. This would conflict with our assumption that traders always disagree about the precision of their private
signals. The information structure defined in equation (24) has the appealing feature that traders infer the correct
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Since this disagreement is a common knowledge, relatively overconfident traders agree to dis-

agree about the precisions of their signals. This disagreement generates trading. Traders believe

that they can make profits at the expense of others, even though it is a common knowledge that

aggregate profits are equal to zero.

Each trader also infers some information about the growth rate G∗(t) from the publicly

observable dividend stream D(t) modelled in equation (21). To streamline notation for the

information content of dividends, define dI0(t) ∶= (αD D(t) dt + dD(t))/σD with dB0 ∶= dBD

and

τ0 ∶=Ωσ
2
G/σ2

D .

Then, the stochastic process

dI0(t) ∶= τ
1/2
0

G∗(t)

σG Ω1/2
dt + dB0(t) (25)

is informationally equivalent to the dividend process D(t) in equation (21). Assume it is com-

mon knowledge that the Brownian motions dB0, dBG , dB1, . . . , dBN are independently dis-

tributed. Traders agree on the precision τ0 of public information in equation (25).

Since each trader believes his own signal has high precision τH and others’ signals have low

precision τL , the symmetry implies that traders agree on the total precision τ of information

flows in the model:

τ ∶= τ0+τH +(N −1)τL .

Let En
kh [. . .] denote the expectation of trader n calculated with respect to his beliefs about

parameter values using information at time t = kh. This information consists of the history

of continuous flows of public signals dI0( j), continuous flow of private signals dIn( j) with

j ∈ [−∞, t], and discrete sequence of prices P j with j ≤ k. Let

Gn(t) ∶= En
t [G∗(t)] and Gn,k ∶= En

kh [G∗(kh)]

denote trader n’s estimate of the growth rate at time t and discrete times t = kh, respectively.

We will use similar notation for other continuous and discrete variables.

DefineΩ as the steady state error variance of trader n’s estimate of G∗(t), scaled in units of

diffusion variance Var[ dBn(t)] = dt . By assuming τ
1/2
n multiplies the drift term in equation (24), traders disagree

about how to interpret parameters of the drift terms, which are much more difficult to estimate empirically.
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the standard deviation of its innovation σG :

Ω ∶=Var [
G∗(t)−Gn(t)

σG
] . (26)

The variableΩ has no time subscript k because it is constant in our steady-state model, where

the total precision of traders’ private information flow is fixed. Except for symmetrically dis-

agreeing about the precisions τH and τL of signals, traders agree about all parameter values.

Since symmetry implies that all traders agree about the varianceΩ, it has no subscript n.

Each trader chooses optimal consumption and portfolio holdings to maximize an additively

separable exponential utility function with risk aversion A and time preference ρ:

En
kh [∫

∞

t=kh
e−ρ(t−kh) U(cn(t)) dt] . (27)

The optimization problem is complicated by the fact that consumption cn(t) is chosen contin-

uously while portfolio holdings Sn,k change only at discrete trading times t = kh. For analytical

tractability, we simplify the problem slightly by assuming that when trading occurs at round j ,

each trader chooses both portfolio holdings Sn, j and a consumption budget hcn, j , which do not

change until the next trading round. Thus, traders do not use new public or private informa-

tion unfolding between trading rounds to adjust consumption between rounds. They cannot

use other traders’ private information between trading rounds either, because there are no up-

dated prices from which to infer the average of other traders’ signals.

With these assumptions, the optimization problem becomes the discrete-time problem of

choosing consumption budget hcn, j and holdings Sn, j at trading times t = j h, to solve

max
[cn, j ], j=k,k+1,...,∞

[Sn, j ], j=k,k+1,...,∞

En
kh

⎡
⎢
⎢
⎢
⎢
⎣

∞

∑
j=k

e−ρ( j−k)h Un, j (cn, j )

⎤
⎥
⎥
⎥
⎥
⎦

, (28)

subject to the budget constraint at each trading round j +1,

Wn, j+1 = er h (Wn, j −hcn, j −Sn, j P j )+Sn, j D̆ j+1+Sn, j P j+1, (29)
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where D̆ j+1 defines the future value of dividends between trading rounds j and j +1,

D̆ j+1 = er h
∫

( j+1)h

j h
e−r(t− j h) D(t) dt , (30)

and Un, j (cn j) solves the nested continuous-time consumption subproblem between trading

rounds j and j +1,

Un, j (cn, j ) ∶=max
cn(⋅)

En
j h [−∫

h

0
e−ρu e−Acn( j h+u) du] , (31)

subject to consumption budget hcn, j allocated for the time period between rounds j and j +1,

hcn, j =∫

h

0
e−r u cn( j h+u) du. (32)

Equations (28)–(32) summarize the optimization problem.

As we prove in Lemma 1 in Appendix A.6, Stratonovich–Kalman–Bucy filtering implies that

trader n’s estimate Gn,k of the growth rate at period k can be conveniently written as the weighted

sum of the three sufficient statistics H0,k , Hn,k , and H−n,k , which summarize the information

content of dividends, trader n’s private information, and other traders’ private information, re-

spectively, with

Hn,k ∶= ∫

kh

t=−∞
e−(αG+τ)(kh−t) dIn(t), n = 0,1, . . . , N , (33)

and

H−n,k ∶=
1

N−1

N

∑
m=1,m≠n

Hm,k , n = 1, . . . , N . (34)

These formulas for sufficient statistics have an intuitive interpretation. The signal Hn,k is a

sufficient statistic for trader n’s own information flow. The average signal H−n,k is a sufficient

statistic for other traders’ information flow. The importance of each bit of information dIn

decays exponentially at a rateαG+τ, the sum of the natural decay rateαG of the growth rate and

the speed τ at which traders learn about it. Although trader n does not observe other traders’

private signals directly, the sufficient statistic H−n,k can be inferred from prices.

This filtering also implies that the steady-state error variance is

Ω =Var [
G∗(t)−Gn(t)

σG
] =

1

2αG +τ
, (35)
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and trader n’s expected growth rate at t = kh is

Gn,k ∶= En
kh [G∗(kh)] =σG Ω

1/2 (τ
1/2
0 H0,k +τ

1/2
H Hn,k +(N −1)τ

1/2
L H−n,k) . (36)

When forming his estimate, trader n assigns a weight τ
1/2
0 to the public signal H0,k , a weight

τ
1/2
H to his own signal Hn,k and a smaller weight τ

1/2
L to each of the other traders’ signals Hm,k ,

for m ≠ n. Trade occurs as a result of the symmetrically different weights used by traders in

construction of their estimates.

Define the aggregate sufficient statistic Hk at period k, with common weights τ
1/2
I , as

Hk ∶= τ
1/2
0 H0,k +

N

∑
n=1

τ
1/2
I Hn,k , where τ

1/2
I ∶= 1

N τ
1/2
H +

N −1

N
τ

1/2
L . (37)

Then, the average estimate of the growth rate Ḡk in period k is proportional to Hk :

Ḡk ∶=
1
N

N

∑
n=1

Gn,k =σG Ω
1/2 Hk . (38)

2.2 The Equilibrium with Myopic Conditional Mean-Variance Optimizers

Similar to the two-period model, we first solve for the equilibrium prices where traders are my-

opic and hold conditional mean-variance optimal portfolio:

Šn,k =
En

kh [P̌k+1+ D̆k+1]−er h P̌k

A Varn
kh [P̌k+1+ D̆k+1]

. (39)

The equilibrium price P̌k is given in the following theorem.

Theorem 3 (Prices with Myopic Conditional Mean-Variance Optimizers). Suppose each trader

holds conditional mean-variance optimal portfolio at each period, then the price P̌k is

P̌k =
Dk

r +αD
+ČG

Ḡk

(r +αD)(r +αG)
, (40)

where Ḡk , defined in equation (38), is the average of traders’ expected growth rates at time kh.
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The coefficient ČG satisfies 0 < ČG < 1 and is given as

ČG ∶= (1+
1−e−τh

e(r+αG)h−1

N −1

N
(τ

1/2
H −τ

1/2
L )

2
/τ)

−1

. (41)

Proof: The proof of Theorem 3 is presented in Appendix A.7.

The pricing formula (40) resembles an average of traders’ valuations of fundamentals (23),

with one important difference. The coefficient ČG satisfies 0 < ČG < 1. This dampens prices rel-

ative to the traders’ average valuation. The endogenous parameter ČG measures price damp-

ening just like the coefficient Čg < 1 and Cg < 1 in the two-period model in Section 1.

Proposition 4. A common prior (τH = τL) implies no price dampening, with ČG = 1. Relative

overconfidence (τH > τL) implies 0 < ČG < 1. The price dampening effect ČG increases in the

trading interval h and decreases in the disagreement τH/τL (holding the total precision τ fixed).

Proof: The proof of Proposition 4 is in Appendix A.8.

Proposition 4 implies that price dampening becomes more pronounced with more frequent

trading. When h becomes smaller, traders exploit profitable trading opportunities more fre-

quently. If h→∞, then ĈG = 1. This implies that if traders can only buy and hold the risky asset,

then the price is exactly equal to traders’ average valuations of fundamentals. The dampen-

ing effect ČG < 1 occurs because traders internalize their future disagreement about the growth

rate. Each trader agrees to disagree with others about how to interpret private signals at the

present and how to interpret private signals in the future. When internalized, this future dis-

agreement dampens the market price at the present relative to average valuation. Each trader

expects that as time passes, other traders will revise their mistaken current valuations of funda-

mentals towards unconditional levels, before they ultimately in the long run converge towards

his own “correct” valuation. He tries to profit by trading ahead of anticipated short-term revi-

sions of others’ expectations, even if this means trading against his own long-term valuation.

This short-term speculative trading dampens current prices relative to the average of traders’

valuations. In equilibrium, this leads to a Keynsian beauty contest. Yet, contrary to the com-

mon intuition, this short-term speculative trading tends to dampen, rather than magnify, price

fluctuations.

We next discuss trader n’s expectations about his and others’ stock positions in the next pe-

riod. Suppose trader n thinks that he can sell the stock at time (k+1)h at price equal to his own
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valuation of fundamentals, Fn,k+1 =
Dk+1
r+αD

+
Gn,k+1

(r+αD)(r+αG)
, then his conditional mean-variance

optimal portfolio at time kh is given as in equation (39), replacing the price P̌k+1 with Fn,k+1. It

can be shown that the price at time kh, P̌k =
Dk

r+αD
+

Ḡk
(r+αD)(r+αG)

, and, at time (k −1)h, trader n

expects his conditional mean-variance position at time kh, En
(k−1)h[Šn,k], is proportional to

En
(k−1)h[Gn,k −G−n,k] = e−αG h (1

τ(τ
1/2
H −τ

1/2
L )

2
(1−e−τh )Gn,k−1+e−τh(Gn,k−1−G−n,k−1)) . (42)

If all traders happen to agree about the fundamental valuation at time (k − 1)h (i.e., Gn,k−1 =

G−n,k−1 > 0), then Equation (42) is reduced to

En
(k−1)h[Gn,k −G−n,k] =

1
τ(τ

1/2
H −τ

1/2
L )

2
e−αG h(1−e−τh)Gn,k−1 > 0. (43)

Each trader n expects himself to buy ( En
(k−1)h[Šn,k] > 0) and others to sell next period because

each trader expects prices to fall in the next period. Each trader believes that others make the

mistake of attributing too much precision to their current and future signals. Each trader an-

ticipates that, upon observing new information in the future, others will adjust their valuations

towards unconditional levels, and thus each trader expects others to sell and prices to fall.

Trader n’s conditional mean-variance optimal portfolio, Šn,k−1 is proportional to

En
(k−1)h [e−r h (

Dk

r +αD
+

Ḡk

(r +αD)(r +αG)
+ D̆k+1)]− P̌k−1

=
Dk−1

r +αD
+

Gn,k−1

(r +αD)(r +αG)
−

N −1

N
e−r h En

k−1[Gn,k −G−n,k]

(r +αD)(r +αG)
− P̌k−1. (44)

Equations (43) and (44) imply that, if it happens that traders agree about the fundamental val-

uation at time (k −1)h (so Gn,k−1 =G−n,k−1 > 0) and the price P̌k−1 is equal to their consensus

fundamental valuation, P̌k−1 =
Dk−1
r+αD

+
Ḡk−1

(r+αD)(r+αG)
, then all traders would want to hold short

positions at time (k − 1)h because all of them would expect prices to fall below fundamental

value at time kh. In equilibrium, this short-term speculative trading dampens current prices

relative to the average of traders’ valuations. The price dampening becomes more pronounced

when traders exploit profitable trading opportunities more frequently.
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2.3 The Equilibrium of the Dynamic Trading Model

We next solve for the dynamic trading model where trader n chooses consumption and holdings

to solve his optimal optimization problem (27). Each trader’s optimal inventory is proportional

to his own risk tolerance and the difference between his valuation and the average valuation of

other traders, which he infers from prices. The following theorem characterizes equilibrium for

the discrete-time dynamic model.

Theorem 4 (Equilibrium of the Dynamic Trading Model). There exists a steady-state competi-

tive equilibrium with symmetric linear strategies and with positive trading volume if and only

if the three polynomial equations (A-33)–(A-34) have a solution, and traders’ demand curves are

downward sloping. Such an equilibrium has the following properties:

1. There is an endogenously determined constant CL > 0, defined in equation (A-30), such that

trader n’s optimal inventories Sn,k at period k are

Sn,k =CL (Hn,k −H−n,k). (45)

2. There is an endogenously determined constant CG > 0, defined in equation (A-28), such that

the equilibrium price at period k is

Pk =
Dk

r +αD
+CG

Ḡk

(r +αD)(r +αG)
. (46)

Proof: The dynamics of main state variables Hn,k and H−n,k and the proof of Theorem 4 are

presented in Appendix A.7.

Theorem 4 implies that competitive traders immediately adjust inventories to optimal lev-

els; they do not smooth their trading out over time to reduce price impact. With relative over-

confidence (τH > τL), extensive numerical investigation suggests CG < 1 in the general dynamic

model. In the limit h → 0, we prove CG < 1 when traders are relatively overconfident (τH > τL).

Similar to the case with myopic conditional mean-variance optimizers, the pricing formula (46)

implies that the price is dampened relative to the traders’ average valuation.

We derive the stochastic processes under trader n’s information set for estimates Gn(t) and
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G−n(t) ∶= 1
N−1∑

N
m=1,m≠n Gm(t) as: dGn(t) = −αG Gn(t) dt +“dB-terms”, and

dG−n(t) = −(αG +(τ
1/2
H −τ

1/2
L )

2
) G−n(t) dt

+(τ0+τ
1/2
L (2τ

1/2
H +(N −2)τ

1/2
L ))(Gn(t)−G−n(t)) dt +“dB-terms”. (47)

Trader n believes that his own growth rate estimate Gn(t) will mean-revert to zero at a rate αG ;

his expectations satisfy the law of iterated expectations. Trader n also believes other traders’

growth rate estimates G−n(t) will follow a more complicated path: (1) they will mean-revert

to zero at a rate αG +(τ
1/2
H −τ

1/2
L )

2
> αG and (2) they will also tend to drift towards trader n’s

estimate Gn(t). If Gn(t) = G−n(t), then trader n believes that other traders’ estimates G−n(t)

will mean-revert to zero at a rate αG +(τ
1/2
H −τ

1/2
L )

2
>αG .

Figure 4 further illustrates the intuition behind the dynamic price dampening effect. For

simplicity, we assume that at t = 0 all traders have the same buy-and-hold valuations of $30.7

Yet, the price is lower than the average of their valuations due to the dampening effect. The

figure shows trader n’s hypothetical expected buy-and-hold valuation at t = 0 under the as-

sumption that he buys the asset at t = 0, holds it until time T = f h, and then sells it at some

hypothetical price. While calculations are made under trader n’s beliefs, they are symmetri-

cally identical for all traders. Different buy-and-hold valuations PVn, f , PV−n, f , and PVp, f on

the vertical axis are plotted against various holding horizons T = f h on the horizontal axis (for

trading frequencies h = 0.1, 1, 2, and 5). A formal analysis of expectations dynamics is provided

in Appendix B.2.

The thick solid horizontal line PVn, f is based on the assumption that trader n holds the

risky asset until date T = f h and then sells it for what he expects at t = 0 that his valuation of

fundamentals will be at time T . Since given his beliefs, trader n correctly applies Bayes law, the

martingale property of his valuation (the law of iterated expectations) implies that the present

value PVn, f is a constant equal to $30 for any horizons T .

The thin solid curve PV−n, f , just below the line for PVn, f , is the present value of the risky

asset based on the assumption that trader n holds the asset until time T = f h and then liqui-

dates his position at what he expects at t = 0 the average of the other N −1 traders’ valuations

7The buy-and-hold value of $30 corresponds to Gn(0) = G−n(0) = 0.105, D(0) = 1, and parameter values r , A,
N , αD , αG , σD , σG , τH , and τL are given in Table 2 in Section 4. Details of present-value calculations are given in
equations (B-6), (B-8), and (B-10) in Appendix B.2.
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Figure 4: Present Value of Dividends and Liquidation Value from the Perspective of a Trader. The
thick (thin) solid curve PVn, f (PV−n, f ) is the present value when trader n sells the stock at price
equal to his own valuation of fundamentals (the average of other traders’ valuations). The dashed
curves PVp, f are the present values when trader n sells the stock at the market price at time T = f h
for trading frequencies h = 0.1, 1, 2, and 5.

of the fundamental value will be at time T . Trader n believes that the other traders’ estimates

of the growth rate will mean revert to zero at rate αG +(τ
1/2
H −τ

1/2
L )

2
, which is faster than the

mean reversion rate αG he attributes to his own estimate. Thus, PV−n, f will first fall toward its

unconditional level (of zero) and then in the long run rise back to catch up with trader n’s own

(correct, in his opinion) estimate of the fundamental value equal to $30. These buy-and-hold

valuations deviate from the horizontal line at $30.

Figure 4 shows that prices are dampened relative to traders’ valuations. The four dashed

curves PVp, f correspond to the present values of the risky asset when trader n holds the risky

asset until time T = f h and then sells it at the market price at time T assuming trading fre-

quencies h = 0.1, 1, 2, and 5. Consistent with the equilibrium result 0 <CG < 1, the initial price

P0 ∶= PVp,0 is lower than the consensus valuation of $30, even if all traders agree about this val-

uation at t = 0. Indeed, if prices were equal to the consensus fundamental valuation of $30, all

traders would expect prices to fall in the short run and thus would want to hold short positions.

As a result, the price P0 at t = 0 is dampened relative to the average of traders’ estimates of fun-

damental valuations. Traders agree to disagree about the dynamics of their future valuations,

and internalization of this future disagreement dampens the market price at the present. Fig-

ure 4 also shows that price dampening becomes more pronounced with more frequent trading.
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Figure 5: C J , ČG (dashed), and CG (solid) against time interval ln[h].

When h becomes smaller, traders exploit profitable trading opportunities more frequently. In

contrast, if h →∞ and traders can only buy and hold the risky asset, then CG = 1 and the price

is exactly equal to traders’ average valuation of fundamentals.

There is also the second dampening effect. The average valuation without a common prior

differs from what it would be if the same precision τH+(N−1)τL were known to be split equally

across traders. The average of traders’ estimates of the growth rate Ḡk , defined in (38) and re-

lated to equilibrium prices (46), can be then expressed as

Ḡk =σG Ω
1/2

(τ
1/2
0 H0,k +C J (

1
N τH +

N−1
N τL)

1/2
N

∑
n=1

Hn,k) , where C J ∶=

1
N τ

1/2
H +

N−1
N τ

1/2
L

( 1
N τH +

N−1
N τL)

1/2
. (48)

The constant C J measures the bias in how weights of each private (but not public) signal is

dampened in the average valuation Ḡk due to relative overconfidence among traders; it is de-

fined as the ratio of the average of the square roots to the square root of the average of preci-

sions. When traders are relatively overconfident (τH > τL), Jensen’s inequality implies C J < 1.

Out of two dampening effects, the dynamic price dampening effect of CG < 1 is the main

driving force behind price momentum and return predictability.

Figure 5 shows how the constants C J , ČG , and CG depend on the time interval h between

trading rounds.8 The difference between the endogenous parameters ČG and CG is small for

most parameter values, implying that the dampening effect mainly arises due to traders’ short-

term speculative trading. The coefficients ČG and CG increase with h and ultimately converges

8In Figures 5 and 6, parameter values r , A, N , αD , αG , σD , and σG are given in Table 2 in Section 4. In Figure 5,
τH , and τL are given in Table 2 in Section 4, and in Figure 6, τ = 2.2, h = 0.01, 0.5, and 2.
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Figure 6: C J , ČG (dashed), and CG (solid) against τH/τL holding fixed τ.

to one, as trading opportunities occur at less frequent intervals (h gets large) and it gets more

difficult for traders to take advantage of short-term opportunities. When h gets closer to zero,

traders trade more aggressively against each other’s perceived mistakes. The coefficients ČG

and CG become flat when ln(h) < −2; thus, the results of the discrete-time model converge to

those of the continuous-time one approximately when h < 0.135 years, corresponding to about

seven weeks in this example. As expected from its definition (48), the coefficient C J does not

depend on h.

Figure 6 illustrates how constants C J , ČG , and CG depend on the level of disagreement

τH/τL . Holding total precision fixed, C J , ČG , and CG gradually decrease as disagreement τH/τL

increases. Both more disagreement and more trading opportunities lead to more pronounced

price dampening CG < 1 (ČG < 1) since traders have greater incentives to engage in short-term

speculation. Figures 5 and 6 show that more disagreement also amplifies the effect of C J < 1,

since it magnifies the effect of Jensen’s inequality. The price dampening effect of CG < 1 is usu-

ally much greater than the effect of C J < 1.

Proposition 5. A common prior (τH = τL) implies no price dampening, with CG = 1 and C J = 1.

Relative overconfidence (τH > τL) implies 0 < limh→0 CG ≤ limh→0 ČG < 1, and 0 <C J < 1.

The proof is in Appendix A.9.

Proposition 6. The risk tolerance parameter 1/A scales trading volume but has no effect on prices

or on the constants ČG , CG , and C J .

The proof is in the Appendix A.10. This proposition implies that price dampening arises due

to specific features of information processing rather than risk sharing.
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3 Return Predictability

We next derive a structural model for return dynamics and examine its time-series properties.

Equilibrium strategies and prices depend only on traders’ heterogeneous expectations based on

inconsistent beliefs about parameter values. Their contradictory beliefs cannot by construction

all be empirically correct. To study return dynamics empirically, we introduce a set of empiri-

cally “correct” beliefs describing the true data-generating process. Empirical predictions about

price dynamics, including the auto-covariance structure of returns, must depend on both the

possibly incorrect (subjective) parameters used by traders and the empirically correct (objec-

tive) parameters describing market dynamics, even if no trader actually has correct beliefs.

3.1 Inference under Correct Beliefs

We first introduce empirically correct parameters. Let “hats” distinguish empirically correct

parameter values from the possibly incorrect beliefs of traders.

In a symmetric model, it is natural to assume that all signals have the same precision, and

thus no trader interprets information flow correctly. Therefore, assume traders believe correctly

that total private precision is τ and public precision is τ0, but—in contrast to traders’ overcon-

fident beliefs that their own signals have precision τH and other traders’ signals have precision

τL—all private signals n = 1, . . . , N have symmetrically the same empirically correct precision

τ̂n = τ̂I ∶=
τH +(N −1)τL

N
. (49)

In this section, except for τn , n = 1, . . . , N , we assume that traders have empirically correct

beliefs about all other model parameters.

In Appendix A.11.1, we derive filtering formulas using an approach similar to Section 2.1.

The mathematical formulas are different because the analysis distinguishes between the true

precision of signals τ̂I and traders’ incorrect beliefs τH and τL . The history of each information

flow In(t) can be summarized by the same sufficient statistic Hn,k as in equation (33) because

traders use the correct decay rate τ+αG to deflate past information (Ĥn,k = Hn,k ). We can also

define the aggregate sufficient statistic Ĥk as a linear combination of Hn,k , n = 0, . . . , N :

Ĥk = τ
1/2
0 H0,k +

N

∑
n=1

τ̂
1/2
I Hn,k . (50)
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The aggregate sufficient statistic Ĥk is defined similarly to Hk in equation (37), but the coeffi-

cient of Hn,k is, importantly, τ̂
1/2
I in (49) rather than τ

1/2
I in (37).

Let Êkh [. . .] denote the empirically correct expectation operator given all information at

time t = kh. Under correct beliefs, the estimate of the steady-state error variance is the sameΩ

as in equation (35), but the estimate of the growth rate at time t = kh is

Ĝk ∶= Êkh [G∗(kh)] =σG Ω
1/2 Ĥk . (51)

The estimate of the growth rate Ĝk is defined like Ḡk in equation (38), but it depends on the

aggregate sufficient statistic Ĥk rather than the aggregate sufficient statistic Hk .

Even though equilibrium prices and strategies depend only on traders’ expectations based

on their inconsistent beliefs, the objective empirical properties of prices also depend on empir-

ically correct parameters. From equation (46), the price Pk at time kh depends on the dividend

Dk , traders’ sufficient statistics Hk about the growth rate; it does not depend on Ĥk . Yet, to

construct returns, one must project the dynamics of Dk and Hk into the future by modelling

how information flows dIn(t), n = 0, 1, . . ., N , will unfold after time kh; this projection must

be done under correct parameter values for precisions. The true evolution of these processes

also depends on the correct forecasts of growth rate Ĝk from equation (51), which themselves

depend on the sufficient statistics Ĥk , defined in (50), not Hk . Since the model is symmetric,

the sufficient statistic Ĥk can be obtained from the traders’ statistics H0,k and Hk , which in turn

can be inferred from the current dividends and prices.

3.2 Return Autocorrelations

Let Rk,k+ f denote the cumulative net holding period excess return, measured in dollars per

share, from buying one share at trade date t = kh, financing the purchase at the risk-free rate,

and selling the asset f trades dates later at t +T = (k + f )h:

Rk,k+ f =Pk+ f −er T Pk +er T
∫

kh+T

t=kh
e−r(t−kh) D(t) dt .

The holding-period return sums capital gains and dividends. It can be expressed as a linear

combination of current and past dividends and prices.

Traders use models with correct structure but with possibly incorrect parameters. While
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traders’ possibly incorrect parameters affect prices, the properties of returns dynamics also de-

pend on empirically correct model specification of dividends and information. Therefore, the

properties of return dynamics are function of both traders’ (subjective) parameters and empir-

ically correct (objective) parameters.9

Theorem 5 (Expected Holding-Period Returns). Assume α̂G =αG and τ̂ = τ, the expected holding-

period return over period T = f h from time t = kh to (k + f )h is

Êkh [Rk,k+ f ] =β1(T )(Pk −
Dk

r +αD
)−β0(T )H0,k . (52)

1. If traders have a common prior (τH = τL), then coefficients satisfy β0(T ) = β1(T ) = 0. The

price is a martingale, and the expected return is zero.

2. If traders are relatively overconfident (τH > τL), then coefficients satisfy β0(T ) > 0, and

β1(T ) > 0 is monotonically increasing in the horizon T .

The proof is in the Appendix A.11. In the benchmark case with common prior τH = τL , ex-

pected returns are zero for all horizons. Otherwise, holding-period excess returns Êkh [Rk,k+ f ]

depend on two terms capturing (1) time-series momentum related to the deviation of the cur-

rent price Pk from its unconditional value Dk/(r +αD), and (2) overreaction to the history of

public information.

The first term in equation (52) is related to price dampening and time-series momentum.

In Appendix A.11, we prove that the coefficient β1(T ) is positive and it can be decomposed

into two terms, where the first term is positive due to the static dampening effect of C J < 1 and

the second term is positive due to the dynamic dampening effect of CG < 1. Since β1(T ) is

positive, future returns are expected to be positive when the current price Pk in (46) is above

its unconditional valuation, which suggests positive returns in the past, and future returns are

expected to be negative when the price is below its long-term level, which implies negative

returns in the past.

The second term is proportional to the public signal. Traders put too much weight on pub-

lic signals relative to the dampened weights on private signals. This overreaction to public in-

9In the online Appendix B.8, we examine return autocorrelation as a function of traders’ beliefs. We show
that dynamic price dampening leads to time-series return momentum, and momentum is more substantial when
traders can trade more frequently.
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Figure 7: Autocorrelations of Holding-Period Returns, Corr[Rk−l ,k , Rk,k+l ] over holding periods
T = l h and Variance of Holding-Period Return, Var[Rk,k+ f ] against CG for T = f h.

formation H0,k , aggregated over a long period of positive or negative news, is expected to be

corrected going forward.

We next examine return autocorrelations Corr[Rk−l ,k , Rk,k+ f ], assuming for simplicity equal

leads and lags f = l or T = Tl = T f . Derivations are in online Appendix B.5. The left panel of

Figure 7 depicts return autocorrelations Corr[Rk−l ,k , Rk,k+l ] for horizons T = lh; plots are pre-

sented for different trading intervals.10 The return autocorrelations are positive and decreasing

with trading frequency h, implying that the short-run momentum is more significant when h is

smaller and traders trade more frequently. This result is consistent with Figures 4 and 6, where

price dampening is also more substantial for smaller h.

Our theoretical predictions are consistent with the stylized facts about cross-sectional pat-

terns of time-series momentum. Lee and Swaminathan (2000) point out that momentum tends

to be stronger for stocks with higher turnover. Cremers and Pareek (2014) find more substantial

time-series momentum in stocks with more short-term trading. Moskowitz, Ooi, and Pedersen

(2012) show that more liquid contracts in equity-index, currency, commodity, and bond futures

markets exhibit greater momentum. Zhang (2006) and Verardo (2009) find that momentum re-

turns are larger for stocks with higher analysts’ disagreement. The predictions of our model are

consistent with these stylized facts.

The right panel of Figure 7 plots the variance of holding-period return Var[Rk,k+ f ] against

10In Figure 7, parameter values r , A, N , αD , αG , σD , and σG are given in Table 2 in Section 4. Parameters τH and
τL are given in Table 2 and trading intervals are h = 0.1, 0.2, 0.5, and 1 in the left panel. Parameter τ = 2.2 and the
holding period T = 1/12 in the right panel.
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CG by varying the disagreement level τH/τL while holding τ fixed. It shows that return volatil-

ity is smaller when investors become more overconfident (τH/τL increases and thus CG de-

creases).11 This implies that traders’ short-term speculative trading tends to dampen, rather

than magnify, price fluctuations.

4 Model Calibration

We next calibrate model parameter values to fit well-known empirical return autocorrelations.

We consider a sample of all common stocks listed on the NYSE and AMEX during the period

January 1965 through December 2006 with at least two years of prior data.12

Let i subscript stocks and k subscript months. Let Rk−12,k,i denote the annual return for

the year prior to the end of month k, and Rk+ f −12,k+ f ,i denote the annual return over the year

ending at the end of month k + f .

Column A of Table 1 presents time-series average slope coefficients from monthly cross-

sectional regressions of one-year returns for 1–5 years ahead ( f = 12, 24, 36, 48, 60 months) on

lagged one-year returns:

(Model A) Rk+ f −12,k+ f ,i = a f ,12+b f ,12Rk−12,k,i +εk+ f −12,k+ f ,i .

The methodology follows Fama and MacBeth (1973). Standard errors are computed using the

correction of Hansen and Hodrick (1980). Estimated slope coefficients are positive and signif-

icant for 12 months; negative and insignificant for 24, 36, 48 months; and negative and signif-

icant for 60 months. These results are similar to the estimates of Lee and Swaminathan (2000)

(column 1 of Table VIII). They suggest time-series momentum in year 1 and reversal by year 5.

Column B of Table 1 presents time-series average slope coefficients from monthly Fama–

MacBeth cross-sectional regressions of cumulative returns Rk,k+ f ,i for 1–5 years ( f = 12, 24, 36,

48, 60 months) on lagged one-year returns Rk−12,k,i .

(Model B) Rk,k+ f ,i = a f ,12+b f ,12Rk−12,k,i +εk,k+ f ,i .

11It can be shown analytically that the instantaneous return variance increases in CG from Equation (A-39) in the
Appendix.

12We conduct our analysis using the sample period of 1965–2006 to exclude the financial crisis period. We also
exclude companies incorporated outside the United States, Americus Trust Components (Primes and Scores),
closed-end funds, and real estate investment trusts.
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Table 1: Regression Tests of Return Momentum and Reversal. This table reports time-series av-
erages of slope coefficients estimated from monthly Fama–MacBeth cross-sectional regressions of
models A and B over 444 months from January 1965 to December 2001 (k = 1, . . . ,444). Model A is
a regression of one-year returns from month k + f − 12 to k + f on one-year lagged returns from
month k −12 to k. Model B is a regression of cumulative returns over f months from month k to
k + f on lagged one-year returns from month k −12 to k. The coefficients are time-series means.
The t-statistics in parentheses use the Hansen–Hodrick correction.

Time-Series Average Slope Coefficients b f ,12

Model A Model B

f (months) Coeff t-stat Coeff t-stat

12 0.0463 (2.9338) 0.0463 (2.9338)
24 -0.0302 (-1.6528) 0.0109 (0.3326)
36 -0.0190 (-1.0088) -0.0110 (-0.2509)
48 -0.0265 (-1.5759) -0.0549 (-1.1776)
60 -0.0366 (-2.1726) -0.1076 (-1.5957)

The coefficients reveal similar short-run time-series momentum and long-run mean-reversion.

To generate both short-term momentum and long-run mean-reversion, the calibration as-

sumes that traders may have incorrect beliefs about the decay rate of the signal (α̂G+τ̂ ≠αG+τ),

and they agree about the instantaneous volatility of the growth rate (σG = σ̂G ). In this general

case, the expected holding-period excess return from time t to t +T is given as13

Êt [R(t , t +T )] =β1(T ) (P(t)−
D(t)

r +αD
)−β0(T ) ∫

t

u=−∞
e−(α̂G+τ̂)(t−u) dI0(u)

+β2(T )∫

t

u=−∞
(P(u)−

D(u)

r +αD
) e−(α̂G+τ̂)(t−u) du. (53)

Coefficients β1(T ), β2(T ), and β0(T ) in equation (53) are defined as

β1(T ) ∶=
⎛

⎝
ζ2(T )

τ̂
1/2
I

τ
1/2
I

−ζ1(T )
⎞

⎠

(r +αD)(r +αG)

CG σG Ω1/2
, β0(T ) ∶= ζ2(T )

τ̂
1/2
I τ

1/2
0 −τ

1/2
I τ̂

1/2
0

τ
1/2
I

,

13If α̂G+τ̂ ≠αG+τ, then Ĥn(t) ≠ Hn(t), and the relationship between the two sufficient statistics depends on the
entire history of information flow (the history of publicly observable dividends and prices), as shown in equation
(A-36) in the Appendix. Therefore, we assume a trading interval h→ 0 for the calibration.
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Table 2: The table reports the given parameter values for r , A , N , αD , σD , αG , σG , τH , and τL .
The bottom two lines report the estimated parameters α̂G and τ̂.

Parameter Description Value
r Risk-free rate 0.01
A Risk aversion 1
N Numbers of traders 100
αD Mean-reversion rate of dividend 0.04
σD Instantaneous volatility of dividend 0.5
αG Traders’ mean-reversion rate of G(t) 0.2
σG Instantaneous volatility of G(t) 0.1
τH Precision of trader n’s signal 0.3
τL Precision of others’ signal 0.02
α̂G Empirically correct mean-reversion rate of G(t) 0.292
τ̂ Empirically correct total precision 6.034

β2(T ) ∶= ζ2(T )
τ̂

1/2
I

τ
1/2
I

(αG +τ− α̂G − τ̂)(r +αD)(r +αG)

CG σG Ω1/2
, (54)

where ζ1(T ) > 0 and ζ2(T ) > 0 are defined in equation (A-43) in the Appendix. The coefficient

β1(T ) might be positive or negative depending on parameter values. The coefficient β0(T )

is positive if and only if τ̂
1/2
I τ

1/2
0 > τ

1/2
I τ̂

1/2
0 . In addition, the coefficient β2(T ) is negative if

and only if αG +τ < α̂G + τ̂. A positive β1(T ) or a positive β2(T ) is related to time-series return

momentum. A negative β1(T ) or a negative β2(T ) or a positive β0(T ) implies mean reversion

in returns. Therefore, different from the case where α̂G+τ̂ =αG+τ and thus β2(T ) = 0 (equation

(52) in Theorem 5), in the general case, the expected holding-period excess return also depends

on the past deviations of prices from the unconditional valuation (β2(T ) ≠ 0); the importance

of each past component decays exponentially at rate α̂G + τ̂. As a result, the general case can

generate rich patterns of return dynamics.14

To calibrate the structural model, we find model parameters that match theoretical regres-

sion coefficients to corresponding empirically estimated values in column B of Table 1.

Proposition 6 implies that the risk aversion parameter A scales trading volume but has

14Our structural model essentially imposes testable non-linear micro-founded economic restrictions on VAR
models of expected returns such as Goyal and Welch (2003), Ang and Bekaert (2007), Cochrane (2008), Van Bins-
bergen and Koijen (2010), and Rytchkov (2012); these restrictions are sufficiently flexible to be consistent with the
rich patterns of short-term momentum and long-term mean-reversion.
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no effect on prices; we therefore assume A = 1. We assume r = 0.01 and αD = 0.04, implying

1/(r +αD) = 20.15 We also assume the dividend volatilityσD = 0.5 and the instantaneous volatil-

ity of the growth rate σG = σ̂G = 0.1.16 There remain six parameters: N , τH , τL , αG , α̂G and

τ̂. As intuition suggests, the magnitude and horizon of return momentum and reversal are de-

termined by the level of disagreement τH/τL and the difference between empirically correct

beliefs and traders’ beliefs about the information decay rate (α̂G −αG and τ̂−τ).

To further reduce the number of free parameters, we assume N = 100, τH = 0.3, τL = 0.02, and

αG = 0.2; traders are overconfident and they actively engage in short-term trading against others

in a Keynesian beauty contest. The mean-reversion rate αG = 0.2 implies that the growth rate

G(t) mean reverts about ln(2)/0.2 ≈ 3.5 years.17 We calibrate the two remaining parameters by

matching empirically estimated values in column B of Table 1 to theoretically predicted regres-

sion coefficients. The calibrated parameter values are α̂G = 0.292 and τ̂ = 6.034. The calibrated

parameter values imply that the coefficient β1(T ) > 0, β2(T ) < 0, and β0(T ) > 0 in equation

(53). Consistent with our previous discussion, a positive β1(T ) is related to time-series return

momentum and a negative β2(T ) and a positive β0(T ) imply mean reversion in returns. The

implied values of the two price dampening factors are C J = 0.96 and CG = 0.54. Time-series mo-

mentum arises from both effects, but the dynamic dampening effect of CG is much larger than

the static dampening effect of C J . Time-series mean reversion arises because traders think that

the signals decay at a slower rate than the empirically correct parameter (αG +τ < α̂G + τ̂). Table

2 summarizes the exogenously given and calibrated parameter values.

Figure 8 shows that the regression coefficients in our calibrated model closely match the

empirical numbers. The ten dots correspond to ten empirical slope estimates from regression

model B for f = 6, 12, 18, 24, 30, 36, 42, 48, 54, and 60 months. The solid curve depicts the

theoretical regression coefficients for the calibrated model for f = 6, 12, 18, 24, 30, 36, 42, 48, 54,

and 60 months. These theoretical predictions closely track all ten empirical estimates.

In online Appendix B.3, we discuss how our calibration results are affected by parameter

15If the growth rate is zero, then P(t) =D(t)/(r +αD). We assume that a firm pays out all earnings as dividends,
then the P/E ratio is approximately 1/(r +αD). If r = 0.01 and αD = 0.04, then the implied P/E ratio is 20. The
median of Shiller P/E ratio for the S&P 500 is 15.76 and the current Shiller P/E ratio is 30.2. As illustrated in online
Appendix B.3, the calibration results are not sensitive to the particular choices of αD .

16Rountree, Weston, and Allayannis (2008) document that the average (median) standard deviation of quarterly
earnings per share is 0.72 (0.19). Koren and Tenreyro (2007) document that the standard deviation of growth rates
varies between 0.02 and 0.15.

17In online Appendix B.3, we also calibrate the model assuming αG = 0.1, implying that the growth rate mean
reverts about ln(2)/0.1 ≈ 7 years.
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Figure 8: The figure shows theoretical regression coefficients (solid curve) and empirically esti-
mated coefficients (dots) for different holding periods T f = f /12 years (or f months).

values. The calibrated parameter values for α̂G and τ̂ are affected by different values of dis-

agreement τH/τL , αG , and σG as expected. When exogenous values of τH , τL , N , αG , and σG

are changed, we show that the model can still generate empirically realistic patterns with dif-

ferent calibrated parameter values for α̂G and τ̂.

5 Conclusion

When traders disagree about future valuations, a competitive market aggregates this disagree-

ment in a manner that induces time-series momentum in returns. We clarify the underlying

mechanism by first using a two-period model and then developing a dynamic trading model in

which traders have heterogeneous beliefs about how to interpret continuous flows of privately

observed information and trade at discrete trading rounds.

Even though all traders apply Bayes law consistently, they regularly spot profitable oppor-

tunities and think that they can profit at the expense of others. Even though prices fully reflect

the average of all signals at each point in time, the prices are dampened relative to the aver-

age of traders’ buy-and-hold valuations. Price dampening occurs as a result of traders taking

advantage of perceived short-term speculative trading opportunities rather than trading solely

on long-term valuations of fundamentals. Contrary to the Keynsian intuition, this short-term

speculative trading, when internalized by the market, leads to price dampening, not excessive

volatility. When trading rounds occur less frequently, opportunities to engage in short-term
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speculation are reduced, and there is less dampening. We calibrate model parameter values to

demonstrate that our model can generate quantitatively realistic empirical patterns of return

dynamics.
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A Proofs

A.1 Proof of Theorem 1

If each trader holds conditional mean-variance optimal portfolio at each period, then

Šn1 =
En

1 [P̌2]−P̌1

A Varn
1 [P̌2]

, Šn2 =
En

2 [v]−P̌2

A Varn
2 [v] .

Market clearing condition∑N
n=1 Šnt = 0 (t = 1,2) implies that the equilibrium prices

P̌1 =
1
N

N

∑
n=1

En
1 [P̌2] , P̌2 =

1
N

N

∑
n=1

En
2 [v] .

Simple calculation shows that En
1 [P̌2] is

En
1 [P̌2] = En

1 [ 1
N

N

∑
n=1

En
2 [v]] =

τ1

τ2

1
N

N

∑
n=1

En
1 [v]+

τv

Nτ2
(τ

1/2
H +(N −1)τ

1/2
L )

2
En

1 [v] .

It follows that

P̌1 =
1
N

N

∑
n=1

En
1 [P̌2] = (1− τv

τ2
(1− 1

N ) (τ
1/2
H −τ

1/2
L )

2
) 1

N

N

∑
n=1

En
1 [v] = Čg

1
N

N

∑
n=1

En
1 [v] ,

where the coefficient Čg satisfies 0 < Čg < 1 and is given as in equation (5).
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A.2 Proof of Theorem 2

At t = 1, 2, trader n chooses quantity Snt to maximize the expected utility of terminal wealth

En
t [−e−A Wn3]. At t = 2, the optimal inventory Sn2 = (En

2 [v] − P2)/(A Varn
2 [v]). The market-

clearing condition∑N
n=1 Sn2 = 0 yields the market clearing price at t = 2:

P2 =
1
N

N

∑
n=1

En
2 [v] = τ

1/2
v
τ2

(τ
1/2
H +(N −1)τ

1/2
L ) 1

N

N

∑
n=1

(in1+ in2).

At t = 1, trader n chooses optimal demand Sn1 to maximize

En
1 [−exp(−A (Wn1+(P2−P1)Sn1+

(En
2 [v]−P2)

2

2A Varn
2 [v]

))] , (A-1)

where P2−P1 and En
2 [v]−P2 can be expressed as

P2−P1 = (P2−En
1 [P2])+(En

1 [P2]−P1),

En
2 [v]−P2 = (En

2 [v]−En
1 [v])−(P2−En

1 [P2])+(En
1 [v]−En

1 [P2]).

Defining

y ∶= [P2−En
1 [P2] , En

2 [v]−En
1 [v]]

′
,

then the solution for the problem (A-1) can be obtained using

En
1 [e

−α(Ā+B ′y+1
2 y ′C y)

] =
1

√
∣I +αCΣ∣

e
−α(Ā−1

2αB ′Σ(I+αCΣ)−1B)
,

where y is a 2×1 vector of zero-mean normally distributed random variables with covariance

matrix Σ,

Σ ∶=

⎡
⎢
⎢
⎢
⎢
⎣

Varn
1 [P2] Covn

1 [P2,En
2 [v]]

Covn
1 [P2,En

2 [v]] Varn
1 [En

2 [v]]

⎤
⎥
⎥
⎥
⎥
⎦

,

Ā is a scalar, B is a 2×1 vector, C is a 2×2 symmetric matrix, and I is the 2×2 identity matrix.

Define α, Ā, B , and C as

α ∶= A, Ā ∶=Wn1+(En
1 [P2]−P1)Sn1+

(En
1 [v]−En

1 [P2])
2

2A Varn
2 [v]

,

B ∶=ψB xn1+
En

1 [v]−En
1 [P2]

A Varn
2 [v]

φB , C ∶=
1

A Varn
2 [v]

×

⎡
⎢
⎢
⎢
⎢
⎣

1 −1

−1 1

⎤
⎥
⎥
⎥
⎥
⎦

,
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where ψB ∶= [1 , 0]′ and φB ∶= [−1 , 1]′. The first-order condition for Sn1 implies

Sn1 =
En

1 [P2]−P1−
En

1 [v]−En
1 [P2]

Varn
2 [v]

ψ′BΣ(I+ACΣ)−1φB

Aψ′BΣ(I+ACΣ)−1ψB
. (A-2)

It can be shown that

ψ′BΣ(I+ACΣ)−1φB

Varn
2 [v] =

Covn
1 [P2,En

2 [v]−P2]

Varn
1 [En

2 [v]−P2]+Varn
2 [v] ,

ψ′
BΣ(I + ACΣ)−1ψB =

Varn
1 [P2](Varn

1 [En
2 [v]]+Varn

2 [v])−(Covn
1 [P2,En

2 [v]])
2

Varn
1 [En

2 [v]−P2]+Varn
2 [v] .

(A-3)

Substituting equation (A-3) into equation (A-2) yields trader n’s optimal inventory as given in

equation (11) in Theorem 2. The market-clearing condition∑N
n=1 Sn1 = 0 yields

P1 =
1
N

N

∑
n=1

En
1 [P2]+

Covn
1 [P2,En

2 [v]−P2]

Varn
1 [En

2 [v]−P2]+Varn
2 [v] (

1
N

N

∑
n=1

En
1 [P2]−

1
N

N

∑
n=1

En
1 [v]) .

It can be shown that P1 can be written as Cg ×
1
N ∑

N
n=1 En

1 [v] where the coefficient Cg is

Cg =
τ1

τ2
+
τv

τ2

1
N (τ

1/2
H +(N −1)τ

1/2
L )

2 Nτ1(Nτ2+(N−1)τv(τ
1/2
H −τ

1/2
L )

2
)

Nτ1(Nτ2+(N−1)τv(τ
1/2
H −τ

1/2
L )

2
)+(N−1)2τ2

v(τ
1/2
H −τ

1/2
L )

4

≤
τ1

τ2
+
τv

τ2

1
N (τ

1/2
H +(N −1)τ

1/2
L )

2
≤
τ1

τ2
+
τv

τ2
(τH +(N −1)τL) = 1. (A-4)

Equation (A-4) implies that Cg < 1 if τH > τL and Cg = 1 if τH = τL . Thus, P1 is a weighted average

of traders’ valuations, with weights summing to less than one.

A.3 Proof of Proposition 1

From equation (15), we have

Cg = Čg −
τv
τ2

(1− 1
N ) (τ

1/2
H −τ

1/2
L )

2 Covn
1 [P2,En

2 [v]−P2]

Varn
1 [En

2 [v]−P2]+Varn
2 [v] ,

where Covn
1 [P2,En

2 [v]−P2] > 0 from equation (13). This implies Cg < Čg . From equation (A-4),

it is straightforward to see that Cg satisfies 0 < Cg < 1 for τH ≠ τL . Using direct calculation, we

show analytically that dCg / dτH < 0 and dČg / dτH < 0 holding the total precision τH +(N−1)τL

fixed. It implies that both Cg and Čg decrease in τH/τL holding the total precision fixed.
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A.4 Proof of Proposition 2

Under traders’ beliefs, the return auto-covariances are

Covn
[v −P2 , P2−P1] =Covn

[v − 1
N

N

∑
n=1

En
2 [v] , 1

N

N

∑
n=1

En
2 [v]−Cg ×

1
N

N

∑
n=1

En
1 [v]]

=
2τv

N 2τ2
(

2

τ2
−

Cg

τ1
)(τ
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L )

2
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H −τ

1/2
L )

2
,
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[P2−P1 , P1−P0] =

(τ1/2
H +(N−1)τ

1/2
L )

2

N

τvCg

τ1
((

2

τ2
−

Cg

τ1
)
(τ1/2

H +(N−1)τ
1/2
L )

2

N +(
1

τ2
−

Cg

τ1
)) .

(A-5)

We show analytically that both Covn [v −P2 , P2−P1] > 0 and Covn [P2−P1 , P1−P0] > 0.

Assume traders are correct on average. Under the empirically correct parameters that all

private signals have the same precision, prices have the same expressions as the ones under

traders’ beliefs (equation (16)). Under the empirically correct parameters that all private signals

have the same precision, however, traders’ private signals are

înt = (
τH+(N−1)τL

N )
1/2

(τ
1/2
v v)+ent , îmt = (

τH+(N−1)τL
N )

1/2
(τ

1/2
v v)+emt , for all m ≠n.

Using the empirically correct parameters, the return auto-covariance is

Cov[P2−P1 , P1−P0] =
τvCg

τ1
((

2

τ2
−

Cg

τ1
)
(τ1/2

H +(N−1)τ
1/2
L )

2
(τH+(N−1)τL)

N +(
1

τ2
−

Cg

τ1
)
(τ1/2

H +(N−1)τ
1/2
L )

2

N ) ,

Cov[v −P2 , P2−P1] =(
2

τ2
−

Cg

τ1
)
τv

Nτ2
(N 1/2

(τH +(N −1)τL)
1/2
−(τ

1/2
H +(N −1)τ

1/2
L ))

×(τ
1/2
H +(N −1)τ

1/2
L )(1+2(τH +(N −1)τL)).

(A-6)

Simple calculation shows that Cov[v −P2 , P2−P1] > 0 and Cov[P2−P1 , P1−P0] > 0.

A.5 Proof of Proposition 3

If traders agree about the conditional distribution of v given signals, then for t = 1, 2, En
t [v] = Em

t [v].

Thus, En
1 [Em

2 [v]] = En
1 [En

2 [v]] = En
1 [v] where the last equation follows from iteration of trader

n’s expectations. It follows that En
1 [

1
N ∑

N
m=1 Em

2 [v]] = En
1 [v] = 1

N ∑
N
m=1 Em

1 [v] , and thus P1 =

En
1 [P2].

If traders agree about the joint distribution of signals, then En
1 [Em

2 [v]] = Em
1 [Em

2 [v]] because

Em
2 [v] is some known function of observed signals that trader m uses in his filtering. Then

En
1 [Em

2 [v]] = Em
1 [Em

2 [v]] = Em
1 [v], where the last equation follows from iteration of trader m’s

expectations. It follows that En
1 [

1
N ∑

N
m=1 Em

2 [v]] = 1
N ∑

N
m=1 Em

1 [v] , and thus P1 = En
1 [P2].
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A.6 Filtering Formulas for the Dynamic Model

In this subsection, we derive Stratonovich–Kalman–Bucy filtering formulas forΩ and Gn,k .

Lemma 1. Define the total precision of information flows as τ ∶= τ0 +τH +(N −1)τL . Then, the
scaled steady state error varianceΩ and trader n’s estimate Gn,k of the growth rate at time t are

Ω−1 ∶=Var−1 [
G∗(t)−Gn(t)

σG
] = 2αG +τ, (A-7)

Gn(t) ∶= En
t [G∗(t)] =σG Ω

1/2 (τ
1/2
0 H0(t)+τ

1/2
H Hn(t)+(N −1)τ

1/2
L H−n(t)) . (A-8)

Proof: The stochastic process dG∗(t), dIn(t), dI−n(t), and dI0(t) can be rewritten as

dG∗(t) ∶= −αGGn(t) dt −αG (G∗(t)−Gn(t)) dt +σG dBG(t),

dIn(t) ∶= τ
1/2
H

Gn(t)
σG Ω1/2 dt +τ

1/2
H

G∗
(t)−Gn(t)
σG Ω1/2 dt + dBn(t),

dI0(t) ∶= τ
1/2
0

Gn(t)
σG Ω1/2 dt +τ

1/2
0

G∗
(t)−Gn(t)
σG Ω1/2 dt + dB0(t),

dI−n(t) ∶= τ
1/2
L

Gn(t)
σG Ω1/2 dt +τ

1/2
L

G∗
(t)−Gn(t)
σG Ω1/2 dt + 1

N−1

N

∑
m=1,m≠n

dBm(t).
(A-9)

Since trader n’s forecast of the error G∗(t)−Gn(t) is zero given his information set, the last

two terms in the information processes are independently distributed Brownian motions from

the perspective of trader n. Let I(u) denote trader n’s information set. Trader n’s estimate at

time t + dt , Gn(t + dt) ∶= En [G∗(t + dt) ∣ I(u)∣
t+ dt

u=−∞
], can be decomposed into two terms:

Gn(t + dt) = En [G∗(t) ∣ I(u)∣
t+ dt

u=−∞
]+En [ dG∗(t) ∣ I(u)∣

t+ dt

u=−∞
] . (A-10)

The first term reflects expectation about the past growth rate G∗(t) at time t given new infor-

mation dI0(t), dIn(t), and dI−n(t). The second term reflects expectation about the change in

growth rate dG∗(t) =G∗(t + dt)−G∗(t) at time t given new information dI0(t), dIn(t), and

dI−n(t). The first term En [G∗(t) ∣ I(u)∣
t+ dt

u=−∞
] can be calculated as follows:
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En
[G∗

(t) ∣ I(u)∣
t+ dt

u=−∞
] = En

[Gn(t)+(G∗
(t)−Gn(t)) ∣Gn(t) , dI0(t) , dIn(t) , dI−n(t)]

=Gn(t)+En
⎡
⎢
⎢
⎢
⎢
⎣

G∗
(t)−Gn(t)

RRRRRRRRRRR

dI0(t)−
τ

1/2
0 Gn(t)

σG Ω1/2
dt , dIn(t)−

τ
1/2
H Gn(t)

σG Ω1/2
dt , dI−n(t)−

τ
1/2
L Gn(t)

σG Ω1/2
dt

⎤
⎥
⎥
⎥
⎥
⎦

=Gn(t)+σGΩ
1/2τ

1/2
0

⎛

⎝
dI0(t)−

τ
1/2
0 Gn(t)

σG Ω1/2
dt

⎞

⎠
+σGΩ

1/2τ
1/2
H

⎛

⎝
dIn(t)−

τ
1/2
H Gn(t)

σG Ω1/2
dt

⎞

⎠

+σGΩ
1/2

(N −1)τ
1/2
L

⎛

⎝
dI−n(t)−

τ
1/2
L Gn(t)

σG Ω1/2
dt

⎞

⎠
.

(A-11)

The last equation is obtained using the projection theorem for normal variables and equa-

tion (A-9). The second term En [ dG∗(t) ∣ I(u)∣
t+ dt

u=−∞
] can be calculated as follows:

En
[ dG∗

(t) ∣ I(u)∣
t+ dt

u=−∞
] = En

[−αGGn(t) dt + dG∗
(t)+αGGn(t) dt ∣Gn(t) , dI0(t) , dIn(t) , dI−n(t)]

= −αGGn(t) dt −αG En
[(G∗

(t)−Gn(t)) dt ∣Gn(t) , dI0(t) , dIn(t) , dI−n(t)] .
(A-12)

The second term in equation (A-12) is as calculated above in equation (A-11). It can be ignored

since it is of order smaller than dt . Plugging equations (A-11) and (A-12) into equation (A-10),

we find that the estimate Gn(t) is defined by the Itô differential equation

dGn(t) = −αG Gn(t) dt +
N

∑
n=0

σG Ω
1/2 τ

1/2
n

⎛

⎝
dIn(t)−Gn(t)

τ
1/2
n

σG Ω1/2
dt

⎞

⎠
.

Rearranging terms yields

dGn(t) = −(αG +τ) Gn(t) dt +σG Ω
1/2(τ

1/2
0 dI0+τ

1/2
H dIn +(N −1)τ

1/2
L dI−n) . (A-13)

From equation (A-13), we obtain the solution for the estimate Gn(t):

Gn(t) =σGΩ
1/2
∫

t

u=−∞
e−(αG+τ)(t−u) (τ

1/2
0 dI0(u)+τ

1/2
H dIn(u)+(N −1)τ

1/2
L dI−n(u)) du.

Define the sufficient statistics or “signals” Hn(t) by

Hn(t) ∶= ∫
t

u=−∞
e−(αG+τ)(t−u) dIn(u), n = 0,1, . . . , N .

The estimate Gn(t) can be conveniently written as the weighted sum of these sufficient statis-
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tics as in equation (A-8). The mean-square filtering error of the estimate Gn(t), denotedσ2
GΩ(t),

is defined by the Riccati differential equation

σ2
G

dΩ(t)

dt
= −2αG σ

2
G Ω(t)+σ2

G −σ
4
G Ω(t)2

N

∑
n=0

⎛

⎝

τ
1/2
n

σG Ω(t)1/2

⎞

⎠

2

.

Let Ω denote the steady state of the function Ω(t). Using the steady-state assumption

dΩ(t)/ dt = 0, solve this equation for the steady state value Ω = Ω(t) to obtain equation (A-

7). Equation (A-8) implies that, in discrete notation, trader n’s estimate of the growth rate at

time t = kh is

Gn,k ∶= En
kh [G∗(kh)] =σGΩ

1/2(τ
1/2
0 H0,k +τ

1/2
H Hn,k +(N −1)τ

1/2
L H−n,k) .

A.7 Proof of Theorem 3 and Theorem 4

We first derive the dynamics of key state variables and then solve for the equilibrium.

A.7.1 The Dynamics of Key State Variables

We next derive conditional expectations of key state variables and their variance-covariance

matrix. Define N +1 processes dB n
0 (t), dB n

n (t), and dB n
m(t), m = 1, . . . , N , m ≠n, by

dB n
0 (t) = τ

1/2
0

G∗(t)−Gn(t)

σG Ω1/2
dt + dBD(t), dB n

n (t) = τ
1/2
H

G∗(t)−Gn(t)

σG Ω1/2
dt + dBn(t),

dB n
m(t) = τ

1/2
L

G∗(t)−Gn(t)

σG Ω1/2
dt + dBm(t).

The superscript n indicates conditioning on beliefs of trader n. Since trader n’s forecast of the

error G∗(t)−Gn(t) is zero given his information set, these N +1 processes are independently

distributed Brownian motions from the perspective of trader n. In terms of these Brownian

motions, trader n believes that sufficient statistics H0(t), Hn(t) and H−n(t) change as follows:

dH0(t) = −(αG +τ)H0(t) dt +τ
1/2
0

Gn(t)

σG Ω1/2
dt + dB n

0 (t),

dHn(t) = −(αG +τ)Hn(t) dt +τ
1/2
H

Gn(t)

σG Ω1/2
dt + dB n

n (t),

dH−n(t) = −(αG +τ)H−n(t) dt +τ
1/2
L

Gn(t)

σG Ω1/2
dt + 1

N−1

N

∑
m=1,m≠n

dB n
m(t).

(A-14)
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Combine the three sufficient statistics into the two sufficient statistics

H c
n(t) ∶= Hn(t)+ â H0(t), H c

−n(t) ∶= H−n(t)+ â H0(t), with â ∶=
τ

1/2
0

τ
1/2
H +(N−1)τ

1/2
L

. (A-15)

Define y(t) = [D(t) , H c
n(t) , H c

−n(t)]′ as a continuous 3-vector stochastic process of all

state variables. Using equation (A-14), write this stochastic vector in matrix form as

dy(t) =K y(t) dt +Cz dZ(t),

where K is a 3×3 matrix and Cz is a 3×3 matrix given by

K =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−αD σGΩ
1/2τ

1/2
H σGΩ

1/2(N −1)τ
1/2
L

0 −αG −τ+τ
1/2
H (τ

1/2
H + âτ

1/2
0 ) (N −1)τ

1/2
L (τ

1/2
H + âτ

1/2
0 )

0 τ
1/2
H (τ

1/2
L + âτ

1/2
0 ) −αG −τ+(N −1)τ

1/2
L (τ

1/2
L + âτ

1/2
0 )

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, Cz =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

σD 0 0
â 1 0
â 0 1

√

N−1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

,

and dZ(t) = [ dB n
0 (t), dB n

n (t), 1√
N−1
∑

N
m=1,m≠n dB n

m(t)]′ is a 3-dimensional Brownian motion.

We can also represent the process yk+1 = [Dk+1, H c
n,k+1, H c

−n,k+1]
′ as an integral

yk+1 = eK h yk +∫

(k+1)h

kh
eK ((k+1)h−t) Cz dZ(t).

This yields the following equations for conditional expectations and variance of yk+1:

En
kh [yk+1] = eK h [Dk , H c

n,k , H c
−n,k]

′
, Varkh [yk+1] = ∫

h

0
eK (h−t)CzC ′

z eK ′
(h−t) dt . (A-16)

Since trading is discrete, we also need to derive dynamics for variable D̆k+1, defined in equa-

tion (30). In particular, we solve for En
kh [D̆k+1], Varkh [D̆k+1], and Cov[D̆k+1 , yk+1] . Define

y̆k+1 ∶= er h
∫

(k+1)h

kh
e−r(t−kh) y(t) dt .

It can be shown that

y̆k+1 = (K−r I)−1((e(K−r I)h−I)er h yk +∫

(k+1)h

kh
eK ((k+1)h−t)Cz dZ(t)−∫

(k+1)h

kh
e−r(t−(k+1)h)Cz dZ(t)) .

The expectation En
kh [D̆k+1] is given by the first element in the 4×1 vector er h(K−r I)−1 (e(K−r I)h−I) yk

in the equation above. We can then derive
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Cov[yk+1 , y̆k+1] =Varkh [yk+1](K ′
− r I)−1

−(K + r I)−1 (e(K+r I)h
−I)CzC ′

z(K ′
− r I)−1,

Cov[y̆k+1 , y̆k+1] =((K − r I)−1 Varkh [yk+1]−(K − r I)−1CzC ′

z(e(K+r I)h
−I)′(K ′

+ r I)−1)(K ′
− r I)−1

−((K 2
− r 2I)−1

(e(K+r I)h
−I)+

1−e2r h

2r
(K − r I)−1

)CzC ′

z(K ′
− r I)−1.

(A-17)

Then, Vark [D̆k+1] is the (1,1) entry of the matrix Cov[y̆k+1 , y̆k+1], and Cov[D̆k+1 , yk+1] is given

by the first column of the matrix Cov[yk+1 , y̆k+1].

A.7.2 Solution of the General Dynamic Model

We next solve for the equilibrium. We conjecture that the price in period k is a linear function

of Dk and Ḡk , of the form

Pk =
Dk

r +αD
+CG

Ḡk

(r +αD)(r +αG)
. (A-18)

Trader n’s problem (27) can be rewritten in discrete-time form as (28), where Un, j is ob-

tained by solving the maximization problem (31) subject to constraint (32). The first-order con-

dition yields

c( j h+ t) = −
1

A
((ρ− r )t + ln

λ

A
) , (A-19)

where λ is the Lagrange multiplier. If t = 0 in equation (A-19), then c( j h) = − 1
A ln λ

A . Thus,

c( j h+ t) = c( j h)+
1

A
(r −ρ)t . (A-20)

Substituting (A-20) into constraint (32), we have

c( j h) =
r h

1−e−r h
cn, j −

r −ρ

Ar (1−e−r h)
(1−(r h+1)e−r h) . (A-21)

From equations (A-20), (A-21), and (31), we get

Un, j = −h exp(−A
r h

1−e−r h
cn, j)φ(r,ρ,h),

where φ(r,ρ,h) is defined as

φ(r,ρ,h) =
1−e−r h

r h
exp(

r −ρ

r (1−e−r h)
(1−(1+ r h)e−r h)) = 1− 1

2ρh+O(h2).



A PROOFS 51

Trader n’s problem (28) is then equivalent to

max
[cn, j ], j=k,k+1,...,∞

[Sn, j ], j=k,k+1,...,∞

En
kh∑

j=k

−h e−ρ( j−k)h exp(−A
r h

1−e−r h
cn, j) ,

subject to the budget constraint (29).

We conjecture and verify that the value function has the specific quadratic exponential form

Vk(Wn,k , H c
n,k , H c

−n,k) = −exp(ψ0+ψW Wn,k +
1
2ψnn(H c

n,k)
2+ 1

2ψxx(H c
−n,k)

2+ψnx H c
n,k H c

−n,k) .

(A-22)

The five constants ψ0, ψW , ψnn , ψxx , and ψnx have values consistent with a steady-state equi-

librium. The terms ψnn , ψxx , and ψnx capture the value of future trading opportunities based

on current public and private information. The value of trading on innovations to future infor-

mation is built into the constant term ψ0.

The Hamilton–Jacobi–Bellman (HJB) equation for the discrete problem is

Vk(Wn,k , H c
n,k , H c

−n,k) =max
cn,k
Sn,k

[−h exp(−
Ar h

1−e−r h
cn,k)+e−ρh En

kh Vk+1(Wn,k+1 , H c
n,k+1 , H c

−n,k+1)] ,

(A-23)

where the dynamics of wealth satisfies (29) and the dynamics of H c
n,k and H c

−n,k can be obtained

from equations (A-14) and (A-15). Define

xk+1 ∶= [Dk+1 , D̆k+1 , H c
n,k+1, H c

−n,k+1]
′
−[En

kh [Dk+1] , En
kh [D̆k+1] , En

kh [H c
n,k+1] , En

kh [H c
−n,k+1]]

′
,

where D̆k+1 is as defined in equation (30). Then En
kh [Vk+1] can be obtained using

En
kh [e

−α(Ā+B ′x+1
2 x′C x)

] =
1

√
∣I +αCΣ∣

e
−α(Ā−1

2αB ′Σ(I+αCΣ)−1B)
,

where x is an n×1 normal vector with mean zero and covariance matrix Σ, Ā is a scalar, B is an

n ×1 vector, C is an n ×n symmetric matrix, I is the n ×n identity matrix. The value of Σ can

be obtained from the previous section. More specifically, Vark [D̆k+1] is the (1,1) entry of the

matrix Cov[y̆k+1 , y̆k+1] in equation (A-17), Cov[D̆k+1 , yk+1] is given by the first column of the

matrix Cov[yk+1 , y̆k+1] in equation (A-17), and Vark [yk+1] is given in equation (A-16).
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Define α, Ā, B , and C as

Ā =ψ0+ψW er h (Wn,k −hcn,k −Sn,k Pk)+ψW Sn,k (En
kh [D̆k+1]+

En
kh[Dk+1]

r+αD

+
CGσGΩ

1/2
(τ

1/2
H +(N−1)τ

1/2
L )

N(r+αD)(r+αG)
(En

kh [H c
n,k+1]+(N −1)En

kh [H c
−n,k+1]))

+ 1
2ψnn (En

kh [H c
n,k+1])

2
+ 1

2ψxx (En
kh [H c

−n,k+1])
2
+ψnx H c

n,k+1H c
−n,k+1,

α =−1, B =ψWψB Sn,k +ϕB , C =

⎡
⎢
⎢
⎢
⎢
⎣

02×2 02×2

02×2 c2×2

⎤
⎥
⎥
⎥
⎥
⎦

, where

c2×2 =

⎡
⎢
⎢
⎢
⎢
⎣

ψnn ψnx

ψnx ψxx

⎤
⎥
⎥
⎥
⎥
⎦

, ψB =ψB1+
CGσGΩ

1/2
(τ

1/2
H +(N−1)τ

1/2
L )

N(r+αD)(r+αG)
ψB2,

ψB1 =[
1

r+αD
, 1 , 0 , 0]

′
, ψB2 = [0 , 0 , 1 , N −1]′ ,

ϕB = [0 , 0 , ψnn En
kh [H c

n,k+1]+ψnx En
kh [H c

−n,k+1] , ψxx En
kh [H c

−n,k+1]+ψnx En
kh [H c

n,k+1]]
′

.

(A-24)

Taking the first-order condition with respect to cn,k in the HJB equation (A-23) yields

c∗n,k = −
1−e−r h

Ar h ((r −ρ)h+ ln(
ψW (1−e−r h

)

Ar h En
kh Vk+1)) . (A-25)

Substituting (A-25) into the HJB equation (A-23) yields

Vk = e−ρh (1− ψW (er h
−1)

Ar )En
kh [Vk+1] . (A-26)

Taking the first-order condition with respect to Sn,k yields

S∗n,k =
En

kh [Pk+1+ D̆k+1]−er h Pk +ϕ
′
BΣ(I −CΣ)−1ψB

−ψWψ′
BΣ(I −CΣ)−1ψB

. (A-27)

It can be shown that optimal quantity S∗n,k is linear in the state variables H c
n,k and H c

−n,k . Define

constants cd1, cd2, cn1, cx1, cn2, and cx2 by

cd1 ∶=
σGΩ

1/2
(e−αG h

−e−αD h
)

αD−αG
, cd2 ∶=

σGΩ
1/2

((r+αG)e−(r+αD)h
−(r+αD)e−(r+αG)h

+αD−αG)

(αD−αG)(r+αD)(r+αG)
,

cn1 ∶=
e−(αG+τ)h

(eτh
(τ

1/2
H (τ0+τH)+(N−1)τHτ

1/2
L )+(N−1)τ

1/2
L (τ0+τ

1/2
H τ

1/2
L +(N−1)τL))

(τ
1/2
H +(N−1)τ

1/2
L )τ

,
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cn2 ∶=
e−(αG+τ)h

(eτh
−1)τ

1/2
H (τ0+τ

1/2
H τ

1/2
L +(N−1)τL)

(τ
1/2
H +(N−1)τ

1/2
L )τ

, cx1 ∶=
e−(αG+τ)h

(eτh
−1)(N−1)τ

1/2
L (τ0+(N−1)τ

1/2
H τ

1/2
L +τH)

(τ
1/2
H +(N−1)τ

1/2
L )τ

,

cx2 ∶=
e−(αG+τ)h

(eτh
(N−1)τ

1/2
L (τ0+τ

1/2
H τ

1/2
L +(N−1)τL)+τ

1/2
H (τ0+τH)+(N−1)τHτ

1/2
L )

(τ
1/2
H +(N−1)τ

1/2
L )τ

.

Then ϕB , defined in equation (A-24), can be written as ϕB =ϕB1H c
n,k +ϕB2H c

−n,k , where ϕB1 ∶=

[0 , 0 , ψnncn1+ψnxcn2 , ψxxcn2+ψnxcn1]
′ , andϕB2 ∶= [0 , 0 , ψnncx1+ψnxcx2 , ψxxcx2+ψnxcx1]

′ .

The market clearing condition∑N
n=1 S∗n,k = 0 and equation (A-27) imply

CG =

e−αG h
−er h

−
(r+αD)(r+αG)

σGΩ
1/2

(τ
1/2
H +(N−1)τ

1/2
L )

(ϕ′B1+ϕ
′

B2)Σ(I−CΣ)−1ψB1

Nτ0+(τ
1/2
H +(N−1)τ

1/2
L )

2

Nτ e−αG h −er h +
(N−1)(τ

1/2
H −τ

1/2
L )

2

Nτ e−(αG+τ)h +
1
N (ϕ′B1+ϕ

′

B2)Σ(I−CΣ)−1ψB2

. (A-28)

Then, from equations (A-27) and (A-28), the optimal inventory for trader n is given by

S∗n,k =CL (H c
n,k −H c

−n,k) , (A-29)

where the constant CL is defined as

CL =
1

r ANτ(r +αD)(r +αG)ψ′BΣ(I −CΣ)−1ψB

⎛

⎝
Nτ(σGΩ

1/2τ
1/2
H (er h

−e−αG h
)+(r +αD)(r +αG)ϕ′B1Σ(I −CΣ)−1ψB1)

+CGσGΩ
1/2

(τ(τ
1/2
H +(N −1)τ

1/2
L )ϕ′B1Σ(I −CΣ)−1ψB2+e−αG h τ

1/2
H (Nτ0+(τ

1/2
H +(N −1)τ

1/2
L )

2
)

−er h
(τ

1/2
H +(N −1)τ

1/2
L )τ−e−(αG+τ)h

(N −1)(τ
1/2
H −τ

1/2
L )(τ0+τ

1/2
H τ

1/2
L +(N −1)τL))

⎞

⎠
.

(A-30)

Equations (A-26) and (A-22) imply

ln(−En
kh Vk+1) =ψ0+ψW Wn,k+

1
2ψnn(H c

n,k)
2
+ 1

2ψxx(H c
−n,k)

2
+ψnx H c

n,k H c
−n,k+ρh−ln(1−

ψW (er h −1)

Ar
) .

(A-31)

Substituting (29), (A-16), (A-18), value function (A-22), (A-25), (A-29), and (A-31) into the HJB

equation (A-23) and setting the constant term and the coefficients of Wn,k , (H c
n,k)

2, (H c
−n,k)

2,

and H c
n,k H c

−n,k to be zero, we obtain five equations, from which we can find five unknown pa-

rameters ψ0, ψW , ψnn , ψnx , and ψxx . By setting the constant term and coefficient of Wn,k to be

zero, we obtain

ψW = −r A, ψ0 =
(r−ρ)h−(er h

−1) ln 1−e−r h

h −ln
√

∣I−CΣ∣

er h −1
. (A-32)
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By setting the coefficients of (H c
n,k)

2, (H c
−n,k)

2 and H c
n,k H c

−n,k to be zero, we obtain three poly-

nomial equations in the three unknowns ψnn , ψxx , and ψnx . These three equations in three

unknowns can be written as the following system of equations:

0 =− 1
2 er hψnn + r ACLCG (er h

−cn1−(N −1)cn2)
σGΩ

1/2(τ1/2
H +(N−1)τ1/2

L )
N(r+αD)(r+αG)

− r ACL (er h cd2+
cd1

r+αD
)τ

1/2
H +

1
2ψnnc2

n1+
1
2ψxx c2

n2+ψnx cn1cn2

+ 1
2 r 2 A2C 2

Lψ
′
BΣ(I −CΣ)−1ψB − r ACLψ

′
BΣ(I −CΣ)−1ϕB1+

1
2ϕ

′
B1Σ(I −CΣ)−1ϕB1,

(A-33)

0 =− 1
2 er hψxx + r ACLCG (−er h

(N −1)+ cx1+(N −1)cx2)
σGΩ

1/2(τ1/2
H +(N−1)τ1/2

L )
N(r+αD)(r+αG)

+ r ACL (er h cd2+
cd1

r+αD
)(N −1)τ

1/2
L +

1
2ψxx c2

x2+ψnx cx1cx2

+ 1
2 r 2 A2C 2

Lψ
′
BΣ(I −CΣ)−1ψB + r ACLψ

′
BΣ(I −CΣ)−1ϕB2+

1
2ϕ

′
B2Σ(I −CΣ)−1ϕB2,

0 =er hψnx + r ACLCG (er h
(N −2)− cx1−(N −1)cx2+ cn1+(N −1)cn2)

σGΩ
1/2(τ1/2

H +(N−1)τ1/2
L )

N(r+αD)(r+αG)

− r ACL (er h cd2+
cd1

r+αD
)((N −1)τ

1/2
L −τ

1/2
H )+ψnncn1cx1+ψxx cn2cx2+ψnx(cn1cx2+ cx1cn2)

− r 2 A2C 2
Lψ

′
BΣ(I −CΣ)−1ψB − r ACLψ

′
BΣ(I −CΣ)−1

(ϕB2−ϕB1)+ϕ
′
B1Σ(I −CΣ)−1ϕB2.

(A-34)

To summarize, optimal consumption is defined in (A-25), the optimal strategy is defined in

(A-29), and the endogenous coefficient CL is defined in (A-30). The equilibrium price is defined

in (A-18), and the endogenous coefficient CG is defined in (A-28). The quadratic value function

is defined by five parameters. Parameters ψW and ψ0 are presented in (A-32). Parameters ψnn ,

ψnx , ψxx are solved numerically from the system of the three equations (A-33)–(A-34). This

concludes the proof of Theorem 4.

A.7.3 The Case with Myopic Conditional Mean-Variance Optimizers

Trader n’s myopic conditional mean-variance optimal holding at time kh is given in equation

(39). Similar to the proof of the general dynamic model case (equation (A-27)), it can be shown

that optimal quantity Šn,k is linear in the state variables H c
n,k and H c

−n,k . The market clearing

condition∑N
n=1 Šn,k = 0 and equation (39) imply

ČG = e−αG h
−er h

Nτ0+(τ
1/2
H +(N−1)τ

1/2
L )

2

Nτ e−αG h −er h +
(N−1)(τ

1/2
H −τ

1/2
L )

2

Nτ e−(αG+τ)h

,

which can be simplified as equation (41). This completes the proof of Theorem 3.
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A.8 Proof of Proposition 4

The endogenous parameter ČG is defined in equation (41). From equation (41), we can see

that a common prior (τH = τL) implies ČG = 1. Relative overconfidence (τH > τL) implies 0 <

ČG < 1. Fixing the total precision τ, then ČG decreases in the disagreement τH/τL . Using Taylor

expansion, it can be shown that 1−e−τh

e(r+αG)h −1
decreases in trading interval h. It follows that ČG

increases in the trading interval h.

A.9 Proof of Proposition 5

Assuming τH = τL , then clearly ψnn = ψnx = ψxx = 0 solves the three equations (A-33)–(A-34).

We also get CG = 1 and CL = 0 from equations (A-28) and (A-30). There is no trading. If τH = τL ,

then C J = 1 in equation (48); if τH > τL , then Jensen’s inequality implies 0 <C J < 1.

In the case with relative overconfidence of τH > τL , information cannot have negative value

in the value function (A-22) since traders can always ignore it. Therefore, the 2 × 2 matrix

⎡
⎢
⎢
⎢
⎢
⎣

ψnn ψnx

ψnx ψxx

⎤
⎥
⎥
⎥
⎥
⎦

must be negative semi-definite. This impliesψnn ≤ 0,ψxx ≤ 0, andψ2
nx ≤ψnnψxx . It follows that

ψnn +ψxx +2ψnx ≤ 0. In the continuous-time model (h→ 0), we can show

CG =

N(r+αG)
⎛

⎝
σGΩ

1/2
+
σD â(ψnn+ψxx+2ψnx)

τ
1/2
H +(N−1)τ

1/2
L

⎞

⎠

σGΩ1/2(N(r+αG)+(N−1)(τ
1/2
H −τ

1/2
L )

2
−(1+N â2)(ψnn+ψxx+2ψnx))

.

Then it can be shown that limh→0 CG ≤ limh→0 ČG < 1. This concludes the proof.

A.10 Proof of Proposition 6

Let a vector [ψ∗
nn , ψ∗

nx , ψ∗
xx] be a solution to the system (A-33)–(A-34) for exogenous parame-

ters A, σD , σG , r , αG , αD , τ0, τL , and τH . If risk aversion is rescaled by factor F from A to A/F

and other exogenous parameters are kept unchanged, then it is straightforward to show that the

vector [ψ∗
nn , ψ∗

nx , ψ∗
xx] is still the solution to the system (A-33)–(A-34). From equations (A-28)

and (A-30), it then follows that CL changes to CL F , but CG remains the same.
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A.11 Proof of Theorem 5

Since traders use models with correct structure but with possibly incorrect parameters, we first

calculate the empirically correct estimate of the growth rate and then derive the holding-period

excess return.

A.11.1 Inference under Correct Beliefs

The growth rate defined in equation (22) needs to be rewritten using the true parameters,

dG∗(t) ∶= −α̂G G∗(t) dt + σ̂G dBG(t).

Similarly, we rewrite the process for signals dIn(t) and dI0(t) defined in equations (24) and

(25) using the true parameters,

dIn(t) ∶= τ̂
1/2
I

G∗(t)

σ̂G Ω̂1/2
dt + dB̂n(t), n = 1, . . . , N , dI0(t) ∶= τ̂

1/2
0

G∗(t)

σ̂G Ω̂1/2
dt + dB0(t),

with τ̂0 ∶=
Ω̂ σ̂2

G

σ2
D

and dB̂n(t) = dBn(t)+
⎛

⎝

τ
1/2
n

σGΩ1/2
−

τ̂
1/2
n

σ̂GΩ̂1/2

⎞

⎠
G∗(t) dt ,

(A-35)

and dBG(t), dB0(t), dB̂1(t), . . . , dB̂N(t) are independent Brownian motions.

The sufficient statistic under the correct parameters is defined as

Ĥn(t) ∶= ∫
t

u=−∞
e−(α̂G+τ̂)(t−u) dIn(u), n = 0,1, . . . , N .

The sufficient statistic Ĥn(t) and Hn(t) relate to each other as follows:

Ĥn(t) = Hn(t)+(αG +τ− α̂G − τ̂) ∫
t

u=−∞
e−(α̂G+τ̂)(t−u) Hn(u) du. (A-36)

If traders use the empirically correct parameters (αG = α̂G ), and empirically correct total preci-

sions of signals (τ = τ̂), then we obtain Ĥn(t) = Hn(t). If αG +τ ≠ α̂G + τ̂, then Ĥn(t) ≠ Hn(t).

Define the aggregate sufficient statistic as the linear combination of Ĥn(t), n = 0,1, . . . , N ,

Ĥ(t) ∶= τ̂
1/2
0 Ĥ0(t)+

N

∑
n=1

τ̂
1/2
I Ĥn(t).

We then redo the calculation of Lemma 1 in Section A.6 to derive the Stratonovich–Kalman–

Bucy filtering formulas using the empirically correct parameters. We obtain the empirically
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correct estimate of the growth rate at t = kh: Ĝk ∶= Êkh [G∗(kh)] = σG Ω̂1/2 Ĥk , and the steady-

state error variance

Ω̂ ∶= ˆVar[G∗
(t)−Ĝ(t)
σ̂G

] = 1
2 α̂G+τ̂

.

A.11.2 The Equilibrium Return Dynamics

Plugging equation (38) into the continuous version of equation (46) yields price P(t) at time t :

P(t) =
D(t)

r +αD
+CG

σG Ω1/2

(r +αD)(r +αG)
H(t). (A-37)

The price depends on dividend D(t) and traders’ sufficient statistics H(t) about growth rate; it

does not depend on empirically correct sufficient statistics Ĥ(t).

The dynamics of state variables is determined by empirically correct parameters. The return

dynamics thus also depend on both traders’ sufficient statistics H(t) and empirically correct

sufficient statistics Ĥ(t). Specially, when we calculate dP(t) using equation (A-37), we plug in

dHn(t) using equation (33), and plug in the correct empirical specification of the dynamics of

dIn(t) from equation (A-35) and the correct estimate Ĝ(t) from equation (51).

We can show that the equilibrium instantaneous return process is a linear combination of

the two statistics H(t) and Ĥ(t),

dP(t)+D(t) dt − r P(t) dt = (b Ĥ(t)−a H(t)) dt + dB̂r (t), (A-38)

where constants a, b, and dB̂r (t) are defined as follows:

a ∶=
σG CG Ω1/2

(r +αD)(r +αG)
(αG + r +τ), b ∶=

σG Ω̂1/2

r +αD
+

σG CG Ω1/2

(r +αD)(r +αG)
(τ

1/2
0 τ̂

1/2
0 +Nτ

1/2
I τ̂

1/2
I ) ,

dB̂r (t) ∶=
σD

r +αD
dB∗

0 (t)+
σG CG Ω1/2

(r +αD)(r +αG)
(τ

1/2
0 dB∗

0 (t)+τ
1/2
I N dB̄∗(t)) .

The diffusion term dB̂r (t) depends on the processes dB̄∗(t) and dB∗
0 (t):

dB̄∗(t) ∶= τ̂
1/2
I (σG Ω̂

1/2)
−1

(G∗(t)−Ĝ(t)) dt + 1
N

N

∑
n=1

dB̂n(t),

dB∗
0 (t) ∶= τ̂

1/2
0 (σG Ω̂

1/2)
−1

(G∗(t)−Ĝ(t)) dt + dB0(t).

Since Ĝ(t) is the best estimate of G∗(t), both dB̄∗(t) and dB0 are Brownian motions under
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empirically correct beliefs, with variances Var[ dB∗
0 (t)] = dt and Var[ dB̄∗(t)] = 1/N . So the

instantaneous variance of the excess return is given by

ˆVar[
dB̂r (t)

dt 1/2
] = (

σD
r+αD

+
σG Ω

1/2 CG τ
1/2
0

(r+αD)(r+αG)
)

2
+

(σG Ω
1/2 CG)

2 N τI

(r+αD)2(r+αG)2 . (A-39)

Define a continuous 2-vector stochastic process yH(t) = [H(t) , Ĥ(t)]′. Using the defini-

tions of H(t) and Ĥ(t) in equations (37) and (50), yH(t) can be shown to satisfy the linear

stochastic differential equation

dyH(t) =KH yH(t) dt +CH dZH(t), (A-40)

where KH is a 2×2 matrix and CH is a 2×2 matrix given by

KH =

⎡
⎢
⎢
⎢
⎢
⎣

−αG −τ τ̂
1/2
0 τ

1/2
0 +N τ̂

1/2
I τ

1/2
I

0 −α̂G

⎤
⎥
⎥
⎥
⎥
⎦

, CH =

⎡
⎢
⎢
⎢
⎢
⎣

τ
1/2
0

√
N τ

1/2
I

τ̂
1/2
0

√
N τ̂

1/2
I

⎤
⎥
⎥
⎥
⎥
⎦

.

Under empirically correct beliefs, the vector dZH(t) = [ dB∗
0 (t) ,

√
N dB̄∗(t)]′ is a 2×1-dimensional

Brownian motion, with Var[ dB∗
0 (t)] = dt and Var[ dB̄∗(t)] = dt/N . Integrating equation (A-

38) over time yields the holding period return over f periods from t = kh to t +T = (k + f )h:

Rk,k+ f =∫

kh+T

u=kh
er(kh+T−u)( dP(u)+D(u) du− r P(u) du) = Pk+ f −er T Pk +er T

∫

kh+T

u=kh
e−r(u−kh) D(u) du.

(A-41)

Using equation (A-40), we can obtain recursive formulas for the stochastic vector yH(u) =

[H(u) , Ĥ(u)]′ for time u ≥ kh as a function of yH(kh) = [Hk , Ĥk]
′. Plugging these recur-

sive formulas into equation (A-41), we obtain the cumulative holding period return Rk,k+ f over

period T = f h between time kh and (k + f )h as a linear function of Hk and Ĥk :

Rk,k+ f = ζ2(T ) Ĥk −ζ1(T )Hk + B̄k,k+ f . (A-42)

The coefficients ζ1(T ) > 0 and ζ2(T ) > 0 in the equation above are defined as

ζ1(T ) ∶=
σG CG Ω

1/2

(r +αD)(r +αG)
er T (1−e−(r+αG+τ)T ) > 0,

ζ2(T ) ∶=
er T −e−α̂G T

r + α̂G

σ̂G Ω̂
1/2

r +αD
+
σGCGΩ

1/2(τ
1/2
0 τ̂

1/2
0 +N τ̂

1/2
I τ

1/2
I )

(τ+αG − α̂G)(r +αG)(r +αD)
(e−α̂G T

−e−(αG+τ)T ) > 0.

(A-43)
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and the Brownian motion term B̄k,k+ f is defined as

B̄k,k+ f ∶= ∫

kh+T

s=kh
∫

kh+T

u=s
[−a,b]er(kh+T−u)+KH(u−s)CH du dZH(s)+∫

kh+T

s=kh
er(kh+T−s) dB̂r (s).

A.11.3 Proof of Theorem 5

If traders have correct model parameters α̂G = αG , σ̂G = σG , and τ̂ = τ, then ζ1(T ) and ζ2(T )

defined in equation (A-43) can be written as

ζ1(T ) =
CGσGΩ1/2

(r +αG)(r +αD)
(er T −e−(αG+τ)T ) ,

ζ2(T ) =
σGΩ1/2 e−(αG+τ)T

(r +αG)(r +αD)τ
((e(r+αG+τ)T −eτT )τ+CG (τ0+N τ̂

1/2
I τ

1/2
I )(eτT −1)) . (A-44)

Since both H(t) and Ĥ(t) can be recovered from the history of prices P(t) and dividends D(t),

the expected holding-period return Êkh [Rk,k+ f ] can be expressed as a linear combination of Pk ,

Dk , and H0,k , as in equation (52), with corresponding coefficients β0(T ) and β1(T ):

β1(T ) ∶=
⎛

⎝
ζ2(T )

τ̂
1/2
I

τ
1/2
I

−ζ1(T )
⎞

⎠

(r +αD)(r +αG)

CG σG Ω1/2
, β0(T ) ∶= ζ2(T )

⎛

⎝

τ̂
1/2
I

τ
1/2
I

−1
⎞

⎠
τ

1/2
0 . (A-45)

A common prior (τH = τL) implies CG = C J = 1 and τ̂
1/2
I = τ

1/2
I = 0 and, thus, β0(T ) = 0 and

β1(T ) = 0. Direct computations show that relative overconfidence (τH > τL) implies β1(T ) > 0,

dβ1(T )/ dT > 0, and β0(T ) > 0. Also, it can be shown that the term ζ2(T )τ̂
1/2
I −ζ1(T )τ

1/2
I in the

definition of β1(T ) in equation (A-45) can be written as

ζ2(T )τ̂
1/2
I −ζ1(T )τ

1/2
I =

σGΩ1/2 er T

(r +αD)(r +αG)

⎛

⎝
τ̂

1/2
I (1−CG)(1−e−(r+αG)T )

+CG
τ̂

1/2
I −τ

1/2
I

τ
(N τ̂I (1−e−(r+αG)T )+τ0 (1−e−(r+αG+τ)T ))

⎞

⎠
. (A-46)

Thus, the coefficientβ1(T ) > 0 can be decomposed into two terms. The first term in large paren-

thesis with 1−CG > 0 results from the price dampening effect of the Keynesian beauty contest,

and the second term with τ̂
1/2
I −τ

1/2
I > 0 results from the price dampening effect of C J < 1. This
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concludes the proof of Theorem 5.

A.11.4 The Expected Cumulative Holding-Period Return withαG ≠ α̂GαG ≠ α̂GαG ≠ α̂G and τ̂ ≠ ττ̂ ≠ ττ̂ ≠ τ

Both H(t) and Ĥ(t) can be recovered from the history of prices P(t) and dividends D(t). If

traders have incorrect model parameters and total precisions of signals (αG ≠ α̂G and τ̂ ≠ τ), then

the expected holding-period excess return, Êt [R(t , t +T )] can be expressed as in equation (53).

The coefficients ζ1(T ) > 0 and ζ2(T ) > 0 are defined in equation (A-43). We study the return

autocorrelations for equal leads and lags, T = Tl = T f .
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Figure A-1: The four panels illustrate different patterns of positive and negative correlation,
Corr[R(t −T, t) , R(t , t +T )], obtained over different holding periods T .

Figure A-1 plots the autocorrelations Corr[R(t −T, t) , R(t , t +T )] for different horizons T

when traders have incorrect beliefs about the total precision of signals (τ̂ ≠ τ) and model param-

eters (α̂G ≠ αG ).A.1 There are four possible patterns: (1) only momentum, (2) first momentum

and then mean-reversion, (3) first mean-reversion and then momentum, and (4) only mean-

reversion for four specific combinations of different parameter values.

A.1The default parameter values of r, A, N ,αD ,σD ,αG ,σG , τH , and τL are given in Table 2 in Section 4. In Panel (1),
τ̂ = τ = 2. In Panel (2), τ̂ = 1.6 < τ, α̂G = 1 >αG , and σ̂G = 0.5 >σG . In Panel (3), τ̂ = 1.6 < τ. In Panel (4), α̂G = 0.4 >αG

and τ̂ = 1.6 < τ.



B ONLINE APPENDIX 1

B Online Appendix

Section B.1 shows that the static dampening, related to C J < 1, shows up in a one-period model.

Section B.2 calculates each trader’s expectations about how his own valuation, the average val-

uation of other traders, and the market price evolve over time. Section B.3 discusses how our

calibration results are affected by parameter values. Section B.4 presents empirical results that

time-series momentum tends to be more pronounced in securities with higher trading volume.

Section B.5 presents detailed formulas for the autocorrelation of the holding-period return. Sec-

tion B.6 presents a two-period model with more general signal structure where traders might

potentially disagree about both the coefficient on the fundamental value (drift term) and the

coefficient on the noise (diffusion term) in signals. We show that return momentum arises when

disagreement on the drift term dominates disagreement on the diffusion term. Section B.7 con-

siders a special case where static dampening does not occur and only dynamic dampening

arises; we show that returns still exhibit momentum due to dynamic price dampening. Sec-

tion B.8 shows, using traders’ beliefs, that dynamic price dampening leads to time-series return

momentum, and momentum is greater when traders can trade more frequently.

B.1 A One-Period Model

A risky asset with random liquidation value v ∼N(0 , 1/τv) is traded for a safe numeraire asset.

The total supply of the risky asset is zero. Traders observe signals about the normalized liquida-

tion value τ
1/2
v v . Each trader n observes a private signal in ∶= τ

1/2
n (τ

1/2
v v)+en with en ∼N(0,1).

The asset payoff v and N private signal errors e1, . . . , eN are independently distributed.

Traders agree to disagree about the precisions of private signals τn . Each trader is “relatively

overconfident,” believing his own signal has a high precision τn = τH and other traders’ signals

have low precision τm = τL for m ≠n, with τH > τL ≥ 0.

Let En [. . .] and Varn [. . .] denote trader n’s expectation and variance operators conditional

on all signals i1, . . . , iN . Define “total precision” τ by

τ ∶= (Varn [v])
−1
= τv (1+τH +(N −1)τL).

The projection theorem for jointly normally distributed random variables implies

En [v] =
τ

1/2
v

τ
(τ

1/2
H in +(N −1)τ

1/2
L i−n) , where i−n ∶=

1
N−1

N

∑
m=1,m≠n

im .
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Trader n chooses the optimal quantity Sn to hold by maximizing his expected exponential

utility of terminal wealth:

En [−e−A Wn] , where Wn ∶= (v −P)Sn .

The first-order condition with respect to Sn yields

Sn =
En [v]−P

A Varn [v]
=

1

A
(τ

1/2
v (τ

1/2
H in +(N −1)τ

1/2
L i−n)−P τ) . (B-1)

The market-clearing condition∑N
n=1 Sn = 0 implies

P = 1
N

N

∑
n=1

En [v] =
τ

1/2
v

τ

⎛

⎝

τ
1/2
H +(N −1)τ

1/2
L

N

N

∑
n=1

in
⎞

⎠
. (B-2)

Substituting (B-2) into (B-1) yields

Sn =
1
A (1− 1

N )τ
1/2
v (τ

1/2
H −τ

1/2
L )(in − i−n).

Thus, each trader’s optimal inventory is proportional to the difference between his signal in

and the average of the other N −1 signals. Equation (B-2) implies that the equilibrium price is a

weighted average of traders’ valuations about the fundamental value of the asset with weights

summing to one.

Define the constant C J as the ratio of the average of the square roots to the square root of

the average of precisions:

C J ∶=

1
N τ

1/2
H + N−1

N τ
1/2
L

( 1
N τH +

N−1
N τL)

1/2
.

We can rewrite the price as

P = 1
N

N

∑
n=1

En [v] =
τ

1/2
v

τ
(C J (

1
N τH +

N−1
N τL)

1/2 N

∑
n=1

in) .

When traders are relatively overconfident (τH > τL), Jensen’s inequality implies C J < 1. There-

fore, the “static dampening effect” of C J < 1 shows up in our one-period model.

Under the beliefs of trader n, the auto-covariance of returns can be shown to be

Covn [v −P , P] = (1−C 2
J )
τv

τ2
(τH +(N −1)τL)

2
C 2

J .



B ONLINE APPENDIX 3

Returns exhibit momentum when 0 < C J < 1 , even though price is the average of traders’ ex-

pectations of fundamental value. This dampening does not occur when traders have a com-

mon prior. Our dynamic model shows that the ability to engage in dynamic speculative trading

based on disagreement about differences in future valuations adds additional dynamic damp-

ening, which increases when there are more trading opportunities and may be quantitatively

much greater than this static dampening based on one round of trading.

B.2 Dampening Effect: The Present Value of Expected Cumulative Dividends
and Cash Flow

In this section, we discuss expectations of each trader about how his own valuation, the average

valuation of other traders, and the market price evolve over time. The trader’s own valuation is a

martingale with respect to the trader’s own filtration. Each trader believes the average valuation

of other traders and market prices follow a more complicated dynamics.

In the dynamic process of sufficient statistics dHn(t) and dH−n(t) (equation (A-14)), the

coefficient τ
1/2
H in the second term on the right hand side of dHn(t) is different from the co-

efficient τ
1/2
L in the second term on the right hand side of dH−n(t). This difference is the key

driving force behind the price-dampening effect resulting from the Keynesian beauty contest.

It captures the fact that—in addition to disagreeing about the value of the asset in the present—

traders also disagree about the dynamics of their future valuations.

From equations (A-8) and (A-14), we can derive the stochastic process for estimates Gn(t)

and G−n(t) ∶= 1
N−1∑

N
m=1,m≠n Gm(t):

dGn(t) = −αG Gn(t) dt +σG Ω
1/2

(τ
1/2
0 dB n

0 (t)+τ
1/2
H dB n

n (t)+τ
1/2
L

N

∑
m=1,m≠n

dB n
m(t)) ,

dG−n(t) =−(αG +(τ
1/2
H −τ

1/2
L )

2
) G−n(t) dt +(τ0+τ

1/2
L (2τ

1/2
H +(N −2)τ

1/2
L ))(Gn(t)−G−n(t)) dt

+σG Ω
1/2

(τ
1/2
0 dB n

0 (t)+τ
1/2
L dB n

n (t)+
τ

1/2
H +(N−2)τ

1/2
L

N−1

N

∑
m=1,m≠n

dB n
m(t)) .

(B-3)

Trader n believes that his own estimate of the expected growth rate Gn(t) will mean-revert to

zero at a rate αG . Trader n believes other traders’ estimates of the expected growth rates G−n(t)

will follow a more complicated path: (1) they will mean-revert to zero at a rateαG+(τ
1/2
H −τ

1/2
L )

2
,

faster than αG , and (2) they will drift towards trader n’s estimate Gn(t).

From equations (21), (22), and (47), at time 0, trader n’s estimates the expected value of
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dividends, the long-term growth rate, his own estimate of the growth rate, and other traders’

estimate of the growth rate at time T = f h as follows:

En
0 [D f ] =

1
αD−αG

(e−αG T
−e−αD T )Gn,0+e−αD T D0, En

0 [Gn, f ] = e−αG T Gn,0,

En
0 [G−n, f ] =

1
τ
(τ0+τ

1/2
L (2τ

1/2
H +(N −2)τ

1/2
L ))(e−αG T

−e−(αG+τ)T )Gn,0+e−(αG+τ)T G−n,0.
(B-4)

Suppose that trader n buys one share of the risky asset at t = 0, holds it until t = T = f h, collects

all dividends, and then liquidates his position. First, assume that trader n liquidates his position

at date T = f h at a value equal to his own current estimate of fundamental value at T , using

trader n’s estimate at t = 0 of what his own valuation at t = T , yielding

PVn, f ∶= En
0 [∫

T

0
e−r u D(u) du+e−r T (

D f

r+αD
+

Gn, f

(r+αD)(r+αG)
)] . (B-5)

Substituting (B-4) into (B-5), equation (B-5) is equal to the current trader n’s estimate of the

fundamentals Fn,0,

PVn, f = Fn,0 =
D0

r+αD
+

Gn,0

(r+αD)(r+αG)
. (B-6)

Second, the present value of expected cumulative dividends and cash flow from liquidating

one share of the stock at t = T = f h, using trader n’s estimate of what the average of others’

valuations will be at that time, is

PV−n, f ∶= En
0 [∫

T

0
e−r u D(u) du+e−r T (

D f

r+αD
+

G−n, f

(r+αD)(r+αG)
)] . (B-7)

This equation differs from equation (B-5) only by the last term, G−n, f versus Gn, f . Assuming

all traders have the same valuations at the present, Gm,0 =Gn,0 = Ḡ0, and substituting (B-4) into

(B-7), equation (B-7) is equal to

PV−n, f = Fn,0+
(τ

1/2
H −τ

1/2
L )

2

τ(r +αG)(r +αD)
(e−(r+αG+τ)T −e−(r+αG)T )Gn,0. (B-8)

Since e−(r+αG+τ)T −e−(r+αG)T < 0, the buy-and-hold valuation PV−n, f tends to be dampened

relative to PVn, f = Fn,0.

Third, the present value of expected cumulative dividends and cash flow from liquidating
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one share of the stock at t = T = f h at the equilibrium price P f is

PVp, f ∶= En
0 [∫

T

0
e−r u D(u) du+e−r T (

D f

r +αD
+

CG Ḡ f

(r +αD)(r +αG)
)] . (B-9)

This equation differs from equations (B-5) and (B-7) only by the last term, containing CG Ḡ f

instead of Gn, f or G−n, f . Substituting (B-4) into (B-9), it can be shown that (B-9) is equivalent to

PVp, f = Fn,0+
(CG −1)N e−(r+αG)T +CG (τ

1/2
H −τ

1/2
L )2τ−1 (N −1)(e−(r+αG+τ)T −e−(r+αG)T )

N (r +αG)(r +αD)
Gn,0.

(B-10)

Since CG < 1 and e−(r+αG+τ)T −e−(r+αG)T < 0, the buy-and-hold valuation PVp, f tends to be

dampened relative to PVn, f = Fn,0 and PV−n, f for any f . At t = 0, the buy-and-hold valuation

PVp,0 is equal to the current market price P0. Equation (B-10) shows that the price is dampened

relative to expectations about fundamentals.

B.3 Robustness Check for Model Calibration

In this subsection, we discusses how our calibration results are affected by parameter values.

There are eleven parameters in the model to be calibrated: A, r , αD , σD , N , τH , τL αG , σG ,

α̂G , and τ̂. The magnitude and horizon of return momentum are determined by the level of

disagreement τH/τL , the decay rate of signals (αG and τ), and the size of σG . The magnitude

of long run return reversal is mainly determined by the size of σG and the difference between

empirically correct beliefs and traders’ beliefs about the mean-reversion rate α̂G −αG and the

precision of the signals τ̂−τ.

Figure B-1 shows how robust our results are to changes in parameters.Panel (a) shows that

coefficient αD has no impact on the regression coefficients. Panels (b), (c), and (d) show that

when the mean reversion rate αG is smaller (more persistent) or the volatility ratio σG/σD is

larger, return momentum is more significant. Since overconfidence dampens prices, there is

more momentum when the growth has a larger varianceσ2
G/(2αG), and thus traders have more

to disagree about. Panels (e) and (f) show that when the empirically correct decay rate α̂G + τ̂

is larger (less persistent) than what traders believe (αG + τ), the magnitude of return reversal

increases, as expected.

To check how well alternative calibrated parameters fit the data, in Figure B-2, we set pa-

rameter values for τH , N , σD , and αG at different levels and then calibrate parameter values of
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(a) Regression coefficients for different αD .
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(b) Regression coefficients for different σD .
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(c) Regression coefficients for different αG .
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(d) Regression coefficients for different σ̂G =σG .
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(e) Regression coefficients for different α̂G .
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(f) Regression coefficients for different τ̂.

Figure B-1: Regression coefficients against T f for different αD (αD = 0.04,0.5, and 2) and σD (σD =

0.1,0.5, and 1),αG (αG = 0.1,0.2, and 0.3),σG (σG = 0.05, 0.1, and 0.2), α̂G (α̂G = 0.2, 0.2918, and 0.4),
and τ̂ (τ̂ = 4, 6.034, and 8). We assume fixed parameter values r = 0.01, A = 1, τH = 0.3, τL = 0.02,
N = 100, αD = 0.04, σD = 0.5, αG = 0.2, σG = σ̂G = 0.1 and the calibrate parameter values α̂G = 0.292,
and τ̂ = 6.034 as default parameters.
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(a) τH = 0.2, N = 100, σD = 0.5, αG = 0.2, τ̂ = 2.943,
α̂G = 0.356.
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(b) τH = 1, N = 50, σD = 0.2, αG = 0.1, τ̂ = 6.536,
α̂G = 0.599.
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(c) τH = 0.5, N = 50, σD = 0.2, αG = 0.1, τ̂ = 2.42,
α̂G = 0.472.
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(d) τH = 0.1, N = 200, σD = 0.5, αG = 0.2, τ̂ = 4.276,
α̂G = 0.245.

Figure B-2: Model implied (solid curve) and empirically estimated (dots) regression coefficients for
different holding periods T f . Other parameters are assumed as r = 0.01, A = 1, τL = 0.01, αD = 0.04,
and σG = σ̂G = 0.1.

α̂G and τ̂.

In Figure B-3, traders are assumed to have correct beliefs about mean-reversion rate of

growth (α̂G = αG = 0.3). We set parameter values for σD and σG at different levels and then

calibrate parameter value of τ̂. The solid curves depict the theoretical regression coefficients

bT f ,1 for the calibrated parameter values. The dots correspond to empirical slope estimates. All

calibrated models closely track the empirical data. The calibrated parameter values α̂G + τ̂ >

αG +τ, similar to the calibration presented in Section 4.
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(a) σD = 1, σG = σ̂G = 0.1, and τ̂ = 12.36.
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(b) σD = 0.8, σG = σ̂G = 0.08, and τ̂ = 12.36

Figure B-3: Model implied (solid curve) and empirically estimated (dots) regression coefficients for
different holding periods T f . Other parameters are assumed as r = 0.01, A = 1, τH = 0.3, τL = 0.02,
N = 100, αD = 0.04, and αG = α̂G = 0.3.

B.4 Empirical Tests of Model Predictions

Our model predicts that time-series momentum tends to be more pronounced in securities

with higher trading volume. Trading volume is a function of the trading interval h. Since in-

ventories in the continuous model follow a diffusion, trading volume becomes infinite as h→ 0.

When the trading interval is h, trading volume—measured as shares per unit of time—is

Volume ∶= E[
N ∣Sn(t +h)−Sn(t)∣

h1/2
]

1

h1/2
.

Even though volume varies with h, the expectation E[N ∣Sn(t +h)−Sn(t)∣h−1/2] is a proxy for

trading volume for small h because this expectation has a well-defined finite limit as h→ 0.

It can be shown numerically that trading volume, traders’ expected inventory, and the the-

oretical regression coefficient b6,6, from regressing the six-month return Rk,k+6 on the lagged

six-month return Rk−6,k , increase monotonically in disagreement τH/τL . Indeed, Figure B-4

illustrates that time-series momentum tends to be stronger in markets with higher trading vol-

ume. This prediction is consistent with the theoretical finding that both factors CG and C J de-

crease with disagreement, implying more significant price dampening (as illustrated in Figure

6 of the paper).

We next test these predictions empirically. Following Campbell, Grossman, and Wang (1993)

and Lee and Swaminathan (2000), we use stock turnover as an empirical proxy for trading vol-
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Figure B-4: Regression coefficient b6,6 against ln(Volume) and E ∣Sn(t)∣ while changing τH/τL with
h = 0.01. The parameter values are r = 0.01, A = 1, αD = 0.04, σD = 0.5, N = 100, αG = 0.2, σG = 0.1,
α̂G = 0.2, and vary τH and τL while holding total precision τ fixed.

ume.B.1 For each month from January 1965 to December 2005, stocks are sorted into five groups

based on monthly turnover rate averaged over the portfolio formation period, where monthly

turnover rate is the ratio of the number of shares traded each month to the number of shares

outstanding at the end of the month. Let Dummyk,i denote a dummy variable, which is equal

to one for stocks in the highest quintile and zero for stocks in the lowest quintile in month k,

based on turnover in the previous six months. Stocks in the other groups are not considered.B.2

We then estimate the following two models using monthly Fama–MacBeth cross-sectional re-

gressions of six-month returns on previous six-month returns:

(Model C) Rk,k+6,i =a6,6+b6,6Rk−6,k,i +εk,k+6,i ,

(Model D) Rk,k+6,i =a6,6+b6,6Rk−6,6,i +c6,6Dummyk,i

+d6,6Dummyk,i ×Rk−6,k,i +εk,k+6,i .

Table B-1 reports the estimated slope. For Model C, the estimated slope is positive and

significant, thus confirming the presence of short-run time-series momentum. For Model D,

the estimated interaction term Rk−6,k,i ×Dummyk,i is positive and statistically significant at the

0.1% level, while the coefficient on Rk−6,k,i is no longer significant. This suggests that time-

series momentum is indeed more pronounced for stocks with higher trading volume (turnover),

B.1As noted in Lee and Swaminathan (2000), raw trading volume is unscaled and is likely to be highly correlated
with firm size. In our model of one stock, the concept of trading volume corresponds to turnover.

B.2When we change the dummy variable to be equal to one for the top two quintiles and zero for the bottom two
quintiles, the results are similar.
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Table B-1: Regression Tests of Return Momentum for the Stocks of the Lowest Quintile and High-
est Quintile Based on Trading Volume (Turnover). This table reports time-series average of slope
coefficients estimated from monthly Fama–MacBeth cross-sectional regressions of models C and
D from January 1965 to December 2005 for the stocks of the lowest quintile and highest quintile
based on turnover. The dummy variable (Dummyk,i ) is 1 for stocks in the highest turnover quintile
and 0 for stocks in the lowest turnover quintile. The coefficients are the time-series (492 months)
means with t-statistics in parentheses. The standard errors of the time-series means are computed
using the Hansen and Hodrick (1980) correction.

Time-Series Average Slope Coefficients

Model C Model D

Variable Coeff t-stat Coeff t-stat

Rk−6,k,i 0.0426 (3.3724) 0.0127 (0.6454)
Dummyk,i . . -0.0297 (-2.5476)

Rk−6,k,i ×Dummyk,i . . 0.0450 (2.3581)

as predicted.

B.5 Formulas for Autocorrelation of the Holding-Period Return

Using the definitions of H(t) and Ĥ(t) in equations (37) and (50), we can write a continuous

2-vector stochastic process yH(t) = [H(t) , Ĥ(t)]′ satisfying the linear stochastic differential

equation

dyH(t) =KH yH(t) dt +CH dZH(t),

where KH is a 2×2 matrix and CH is a 2×2 matrix given by

KH = [
−αG −τ τ0+N τ̂

1/2
I τ

1/2
I

0 −αS
] , CH = [

τ
1/2
0

√
N τ

1/2
I

τ
1/2
0

√
N τ̂

1/2
I

] . (B-10)

We first derive the steady-state unconditional variance-covariance matrix of H(t) and Ĥ(t).

Define the steady-state unconditional variance-covariance matrix of H(t) and Ĥ(t) as Q =

[[q11 , q12] , [q12 , q22]]. In the steady state, we have

KH Q +Q K ′
H +CH C ′

H = 0,
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where KH is a 2×2 matrix and CH is a 2×2 matrix defined in equation (B-10). It can be shown

that

q11 =
τ0+N τI

2(αG +τ)
+
(τ0+N τ̂

1/2
I τ

1/2
I )

2

2αS (αG +τ)
, q12 =

τ0+N τ̂
1/2
I τ

1/2
I

2αG
, q22 =

τ

2αG
.

We now calculate Cov[Rk−l ,k , Rk,k+ f ], where Tl = lh and T f = f h. Since the unconditional

means of Rk−l ,k and Rk,k+ f are zero, equation (A-42) yields

Cov[Rk−l ,k , Rk,k+ f ] =Ê[Rk−l ,k × Rk,k+ f ]

=Ê[(ζ2(Tl) Ĥk−l −ζ1(Tl)Hk−l + B̄k−l ,k) (ζ2(T f ) Ĥk −ζ1(T f )Hk)] ,

where ζ1(⋅) and ζ2(⋅) are as defined in equation (A-44). Define

η ∶=
τ0+N τ̂

1/2
I τ

1/2
I

τ , c1 ∶= −
τ

1/2
0 (aη−b)

r+αG
+
σGΩ

1/2CGτ
1/2
0 +σD(r+αG)

(r+αD)(r+αG)
+

a(η−1)τ
1/2
0

r+αG+τ
,

c2 ∶= N (
a(τ̂

1/2
I η−τ

1/2
I )

r+αG+τ
−
τ̂

1/2
I (aη−b)

r+αG
+

σGΩ
1/2CGτ

1/2
I

(r+αD)(r+αG)
) , m1 ∶= −

a(η−1)2τ0
r+αG+τ

ζ1(T f ),

m2 ∶=
τ0 (aη−b)

r+αG
(ζ2(T f )−ηζ1(T f )) , m3 ∶= (η−1)τ0(

ζ1(T f )(a η−b)
r+αG

−
a(ζ2(T f )−ηζ1(T f ))

r+αG+τ
) ,

m4 ∶= ζ1(T f )(η−1)τ
1/2
0 c1, m5 ∶=

ζ2(T f )−ηζ1(T f )

ζ1(T f )(η−1) m4, n1 ∶= −ζ1(T f )N
a(τ̂

1/2
I η−τ

1/2
I )

2

r+αG+τ
,

n2 ∶= (ζ2(T f )−ζ1(T f )η)
N τ̂I (aη−b)

r+αG
, n3 ∶= N τ̂

1/2
I (τ̂

1/2
I η−τ

1/2
I )(

a(ζ1(T f )η−ζ2(T f ))

r+αG+τ
+ζ1(T f )

aη−b
r+αG

) ,

n4 ∶= ζ1(T f )(τ̂
1/2
I η−τ

1/2
I )c2, n5 ∶=

(ηζ1(T f )−ζ2(T f )) τ̂
1/2
I

ζ1(T f )(τ
1/2
I −τ̂

1/2
I η)

n4.

(B-11)

Then direct calculations show that Cov[Rk−l ,k , Rk,k+ f ] is a function of Tl = l h and T f = f h
given by

Cov[Rk−l ,k , Rk,k+ f ] =ζ1(T f )(ζ1(Tl)(q11−q12 η)−ζ2(Tl)(q12−q22 η)) e−(αG+τ)Tl

+(ζ2(Tl)q22−ζ1(Tl)q12) (ζ2(T f )−ζ1(T f )η) e−αG Tl +
m1+n1

2(αG +τ)
(1−e−2(αG+τ)Tl )

+
m2+n2

2αG
(1−e−2αG Tl )+

m3+n3

2αG +τ
(1−e−(2αG+τ)Tl )+

m4+n4

αG +τ− r
(1−e−(αG+τ−r)Tl )

+
m5+n5

αG − r
(1−e−(αG−r)Tl ).

(B-12)
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To calculate Corr[Rk−l ,k , Rk,k+ f ], we now calculate Var[Rk−l ,k] and Var[Rk,k+ f ]. Define

d1 ∶=
a2((η−1)2τ0+N(τ̂

1/2
I η−τ

1/2
I )2)

(r +αG +τ)2
, d2 ∶=

(aη−b)2(τ0+N τ̂I)

(r +αG)2
,

d3 ∶=
−2a(aη−b)(τ0(η−1)+N τ̂

1/2
I (τ̂

1/2
I η−τ

1/2
I ))

(r +αG +τ)(r +αG)
,

d4 ∶=
−2a (c1τ

1/2
0 +c2τ

1/2
I ) (η−1)

r +αG +τ
, d5 ∶=

2(aη−b)(c1 τ
1/2
0 +c2 τ̂

1/2
I )

r +αG
, d6 ∶= c2

1 +
1
N c2

2 ,

where c1 and c2 are defined in Equation (B-11). Then direct calculations show

Var[Rk−l ,k] =q11 ζ
2
1(Tl)+q22 ζ

2
2(Tl)−2q12ζ1(Tl)ζ2(Tl)+

d1(1−e−2(αG+τ)Tl )

2(αG +τ)
+

d2(1−e−2αG Tl )

2αG

+
d5(1−e−(αG−r)Tl )

αG − r
+

d3(1−e−(2αG+τ)Tl )

2αG +τ
+

d4(1−e−(αG+τ−r)Tl )

αG +τ− r
+

d6(e2r Tl −1)

2r
.

(B-13)

Replacing Tl = lh by T f = f h in Equation (B-13), we can get Var[Rk,k+ f ]. Then, using equa-

tions (B-12) and (B-13), we get Corr[Rk−l ,k , Rk,k+ f ]. From equations (B-12) and (B-13), we

obtain the regression coefficient of regressing the cumulative return Rk,k+ f on Rk−l ,k as

b f ,l =
Cov[Rk−l ,k , Rk,k+ f ]

Var[Rk−l ,k]
. (B-14)

B.6 A Two-Period Model with Disagreement about Drift and Diffusion Com-
ponents in Signals

In this section, we consider a more general signal structure where traders might potentially

disagree about both signals’ coefficients on the fundamental value (drift terms) and signals’

coefficients on noise (diffusion terms). We show that return momentum arises when the dis-

agreement on drift terms dominates the disagreement on diffusion terms.

Traders can trade at times t = 1 and t = 2, and the payoff v ∼N(0 , 1/τv) is realized at t = 3.

The total supply of the risky asset is zero. At t = 1 and t = 2, each trader n observes private signals

and believes that his own private signals int and others’ private signals imt are given by

int ∶= τ
1/2
H (τ

1/2
v v)+ent , imt ∶= τ

1/2
L (τ

1/2
v v)+τ

−1/2
m emt ,
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with ent ∼ N(0,1) and emt ∼ N(0,1). The asset payoff v and 2N private signal errors e1t , . . . ,

eN t , with t = 1, 2, are independently distributed. There is no public signal.

Let En
t [. . .] and Varn

t [. . .] denote trader n’s expectation and variance operators conditional

on all signals at period t . The projection for normally distributed random variables implies that

the conditional error variance is related to signal precision τt at time t = 1, 2 by

τt ∶= (Varn
t [v])−1

= τv (1+(τH +(N −1)τmτL) t).

Trader n’s valuation at time t is

En
t [v] =

τ
1/2
v

τt
(τ

1/2
H

t

∑
s=1

ins +(N −1)τm τ
1/2
L

t

∑
s=1

i−ns) ,

which puts weight proportional to τ
1/2
H on own private signals int , and to τm τ

1/2
L on others’

private signals imt , m ≠n.

At date t , trader n’s problem is to choose the optimal inventory Snt to maximize his expected

utility of terminal wealth at t = 3,

En
t [−e−A Wn3] , where Wn3 =Wn1+(P2−P1)Sn1+(v −P2)Sn2. (B-15)

The prices P1 and P2 are set to clear markets each period.

Theorem B.1. At t = 2, the price P2 is the average of traders’ expectations of the fundamental
value v:

P2 =
1
N

N

∑
n=1

En
2 [v] =

τ
1/2
v

τ2
(τ

1/2
H +(N −1)τmτ

1/2
L ) 1

N

N

∑
n=1

(in1+ in2). (B-16)

At t = 1, the price P1 is a weighted average of traders’ expectations of the fundamental value at
t = 1:

P1 =Cg
1
N

N

∑
n=1

En
1 [v] .

The dampening factor Cg satisfies Cg < 1 if and only if τm < τ
1/2
H /τ

1/2
L . Define momentum as the

covariance of price changes being positive:

Covn [P2−P1 , P1−P0] > 0 and Covn [v −P2 , P2−P1] > 0.

The equation Covn [P2−P1 , P1−P0] = 0 has two unique positive roots, r0 and r1, which satisfy

r0 < r1 = τ
1/2
H /τ

1/2
L . Then each trader believes that returns exhibit momentum if and only if τm
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satisfies the inequality

max[ 1

1+2(τ
1/2
H −τ

1/2
L )(τ

1/2
H +(N−1)τ

1/2
L )

, r0] < τm < r1 =
τ

1/2
H

τ
1/2
L

. (B-17)

Proof: The first-order condition for Sn2 implies

Sn2 =
En

2 [v]−P2

A Varn
2 [v]

.

The market-clearing condition∑N
n=1 Sn2 = 0 yields the equilibrium price P2 in equation (B-16).

The price P2 is a weighted average of traders’ valuations of the fundamental value with weights

summing to one. At t = 1, trader n’s problem is to choose optimal inventory Sn1 to maximize

En
1 [−exp(−A (Wn1+(P2−P1)Sn1+

(En
2 [v]−P2)

2

2A Varn
2 [v]

))] . (B-18)

The market-clearing condition∑N
n=1 Sn1 = 0 yields

P1 =Cg
1
N

N

∑
n=1

En
1 [v] ,

where the coefficient Cg has closed-form solution

Cg =
1

Nτ2
(Nτ1 +τv(τ1/2

H +(N −1)τ1/2
L τm)(τ1/2

H +(N −1)τ1/2
L ))

−
(N −1)2τ2

v(τ
1/2
H −τ1/2

L τm)2(τ1/2
H −τ1/2

L )(τ1/2
H +(N −1)τ1/2

L τm)((τ1/2
H +(N −1)τ1/2

L )(τ1/2
H −τ1/2

L )τv /τ1 +1−1/τm)

Nτ2((N −1)2τv(τ1/2
H −τ1/2

L τm)2((τ1/2
H −τ1/2

L )2
τv /τ1 +1+1/((N −1)τm))+N 2τ2)

. (B-19)

Therefore, at t = 1, the price P1 is a weighted average of traders’ valuations of the fundamental

value with weights summing to Cg .

Next compute return the auto-covariance using traders’ beliefs. We obtain

Covn
[v −P2 , P2−P1] = (τ

1/2
H +(N −1)τ

1/2
L τm)(2−Cg +2(τH +(N −1)τLτm)(1−Cg ))×

(N −1)(−τ
1/2
H +τ

1/2
L τm)(1−(1+2(τH +(N −2)τ

1/2
H τ

1/2
L −(N −1)τL))τm)

N 2τm(1+τH +(N −1)τLτm)(1+2τH +2(N −1)τLτm)2τv
, (B-20)
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Figure B-5: Auto-covariance Under Trader n’s Belief, Covn [v −P2 , P2−P1] and
Covn [P2−P1 , P1−P0].

Covn
[P2−P1 , P1−P0] =

Cg(τ
1/2
H +(N −1)τ

1/2
L τm)

2

N 2τm(1+τH +(N −1)τLτm)τv
×

⎛
⎜
⎝

N −1+(1+2(τ
1/2
H +(N −1)τ

1/2
L )

2
)τm

1+2(τH +(N −1)τLτm)
−

Cg(N −1+(1+(τ
1/2
H +(N −1)τ

1/2
L )

2
)τm)

1+τH +(N −1)τLτm

⎞
⎟
⎠

. (B-21)

From equations (B-19) and (B-20), we can prove analytically that the coefficient Cg satisfies

Cg < 1 if and only if τm < τ
1/2
H /τ

1/2
L , and Covn [v −P2 , P2−P1] > 0 if and only if the following

condition holds:
1

1+2(τ
1/2
H −τ

1/2
L )(τ

1/2
H +(N −1)τ

1/2
L )

< τm <
τ

1/2
H

τ
1/2
L

.

There are two positive roots r0 and r1 ∶= τ
1/2
H /τ

1/2
L of the equation Covn [P2−P1 , P1−P0] = 0. The

smaller root r0 < 1 has a complicated closed-form solution, which we do not provide here. Equa-

tion (B-21) implies that the auto-covariance satisfies the inequality Covn [P2−P1 , P1−P0] > 0 if

and only if r0 < τm < r1 = τ
1/2
H /τ

1/2
L . Therefore, Covn [v −P2 , P2−P1] > 0 and Covn [P2−P1 , P1−P0] >

0 if and only if condition (B-17) holds.

Figure B-5 depicts return auto-covariances under traders’ beliefs. It shows that return auto-

covariances Covn [v −P2 , P2−P1] > 0 and Covn [P2−P1 , P1−P0] > 0 if and only if condition (B-

17) holds.B.3 In this general setting with τH > τL ,B.4 the law of iterated expectations for average

expectations holds,

1
N

N

∑
n=1

En
1 [

1
N

N

∑
m=1

Em
2 [v]] = 1

N

N

∑
n=1

En
1 [v] ,

B.3In this example, the condition (B-17) is 0.035 < τm < 4.472. The parameters are N = 100, τH = 2, and τL = 0.1.
B.4If τH = τL , we show that the law of iterated expectations for average expectations holds for all τm .
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if and only if τm = τ
1/2
H /τ

1/2
L .

If condition (B-17) is satisfied, the law of iterated expectations for average expectations fails,

dampening occurs, and there is momentum. If condition (B-17) fails with strict inequalities, the

law of iterated expectations continues to fail for average expectations, price dampening does

not occur, and there is mean reversion, not momentum. Price dampening and return momen-

tum arise when the magnitude of disagreement about the variance of drift terms dominates

disagreement about the variance of diffusion terms.

Under the assumptions of Section 1, condition (B-17) holds because τH > τL and τm = 1,

implying equilibrium prices exhibit momentum.

B.7 Models without Static Dampening

In this subsection, we provide an example without static dampening but with dynamic damp-

ening. We show that in a two-period model, returns may still exhibit momentum due to dy-

namic price dampening.

B.7.1 A One-Period Model

Consider a one-period model. A risky asset with random liquidation value v ∼ N(0 , 1/τv) is

traded for a safe numeraire asset. The total supply of the risky asset is zero. Each trader n

observes a private signal. Trader n believes that his own private signal satisfies

in ∶= τ
1/2
H (τ

1/2
v v)+en with en ∼N(0 , 1),

and other traders’ private signals (m ≠n) satisfy

im ∶=
τ

1/2
H

N−1 (τ
1/2
v v)+τ

−1/2
m em with em ∼N(0 , 1), (B-22)

where

τm ∶=
1

1+ 2(N−2)
N−1 τH

. (B-23)

For simplicity, assume that there is no public signal. Define “total precision” τ by

τ ∶= (Varn [v])−1
= τv (1+τH (1+ τm

N−1)) . (B-24)
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This implies that trader n’s expected value of v is given by

En [v] =
τ

1/2
v

τ
τ

1/2
H (in +τmi−n) , where i−n =

1
N−1

N

∑
m=1,m≠n

im .

Trader n’s problem is to choose optimal inventory Sn to maximize expected utility of termi-

nal wealth

En [−e−A Wn] , where Wn = (v −P)Sn .

The first-order condition for Sn implies,

Sn =
En [v]−P

A Varn [v]
.

The market-clearing condition∑N
n=1 Sn = 0 yields

P = 1
N

N

∑
n=1

En [v] =
τ

1/2
v

τ
τ

1/2
H (1+τm) 1

N

N

∑
n=1

in . (B-25)

Under the beliefs of trader n, the auto-covariance of returns can be shown to be

Covn [v −P , P] =
τH

N 2τ2
(1+τm)(2Nτ−4τHτv(1+τm)−τv(τm +N +(N −1)/τm)) = 0.

In this example, the tendency for disagreement about drift terms to create momentum is

exactly offset by the tendency for disagreement about the diffusion terms to create mean re-

version. Since these two effects cancel out, each trader believes that there is neither return

momentum nor return mean reversion.

B.7.2 A Two-Period Model

If we extend the model to have two trading dates, then a dynamic dampening effect arises (Cg <

1) and returns may exhibit momentum, even though there is no static dampening.

Assume that traders can trade in t = 1 and t = 2, and payoff v ∼ N(0 , 1/τv) is realized at

t = 3. As in the one-period model, the total supply of the risky asset is zero.

At period t (t = 1,2), each trader n observes private signals. Trader n believes that his own

private signals satisfy

int ∶= τ
1/2
H (τ

1/2
v v)+ent with ent ∼N(0 , 1),
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and other traders’ private signals (m ≠n) satisfy

imt ∶=
τ

1/2
H

N−1 (τ
1/2
v v)+τ

−1/2
m emt with emt ∼N(0 , 1).

As in the one-period model, we assume that there is no public signal. The asset payoff v and

signal errors e1t , . . . , eN t are independently distributed. The parameter τm is as defined in equa-

tion (B-23).

Let En
t [. . .] and Varn

t [. . .] denote trader n’s expectation and variance operators conditional

on all signals at period t . Define “total precision” τt by

τt ∶= (Varn
t [v])−1

= τv (1+τH (1+ τm
N−1) t).

This implies that trader n’s expected value of v at time t is given by

En
t [v] =

τ
1/2
v

τt
τ

1/2
H (

2

∑
t=1

int +τm

2

∑
t=1

i−nt) , where i−nt =
1

N−1

N

∑
m=1,m≠n

imt .

At period t , trader n’s problem is to choose optimal inventory Snt to maximize his expected

utility of terminal wealth at time t = 3,

En
t [−e−A Wn3] , where Wn3 =Wn1+(P2−P1)Sn1+(v −P2)Sn2.

The prices P1 and P2 are set to clear markets each period.

Theorem B.2. At t = 2, the price P2 is the average of traders’ expectations of the fundamental
value v:

P2 =
1
N

N

∑
n=1

En
2 [v] =

τ
1/2
v

τ2
τ

1/2
H (1+τm) 1

N

N

∑
n=1

(in1+ in2). (B-26)

At t = 1, the price P1 is a weighted average of traders’ expectations of the fundamental value v
with weights summing to Cg , which satisfies Cg < 1:

P1 =Cg
1
N

N

∑
n=1

En
1 [v] ,

The coefficient Cg < 1 is defined in (B-28). Each trader believes that prices exhibit mean reversion
in the first period and momentum in the second period, defined as

Covn [P2−P1 , P1−P0] < 0, and Covn [v −P2 , P2−P1] > 0.
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Assuming traders are correct on average, under empirically correct parameters which give all
private signals the same precision, we show analytically that prices exhibit momentum in both
periods:

Cov[P2−P1 , P1−P0] > 0, and Cov[v −P2 , P2−P1] > 0.

Proof: The first-order condition for Sn2 implies

Sn2 =
En

2 [v]−P2

A Varn
2 [v]

.

The market-clearing condition∑N
n=1 Sn2 = 0 yields the equilibrium price P2 in equation (B-26).

The price P2 is a weighted average of traders’ valuations of the fundamental value with weights

summing to one. At t = 1, trader n’s problem is to choose optimal inventory Sn1 to maximize

En
1 [−exp(−A (Wn1+(P2−P1)Sn1+

(En
2 [v]−P2)

2

2A Varn
2 [v]

))] . (B-27)

Define

y ∶= [in2−En
1 [in2] , i−n,2−En

1 [i−n,2]]
′
.

Then the solution for the problem (B-27) can be obtained using

En
1 [e

−α(Ā+B ′y+1
2 y ′C y)

] =
1

√
∣I +αCΣ∣

e
−α(Ā−1

2αB ′Σ(I+αCΣ)−1B)
,

where y is a 2×1 vector of zero-mean normally distributed random variables with covariance

matrix Σ, Ā is a scalar, B is a 2× 1 vector, C is a 2× 2 symmetric matrix, I is the 2× 2 identity

matrix. Define α, Ā, B , and C as

Ā ∶=Wn1+(En
1 [P2]−P1)Sn1+

c

2A
(En

1 [
2

∑
t=1

int]−En
1 [

2

∑
t=1

i−nt])

2

,

with c ∶=
τvτH(N −1−τm)2

N 2τ2
, C ∶=

c

A
×

⎡
⎢
⎢
⎢
⎢
⎣

1 −1

−1 1

⎤
⎥
⎥
⎥
⎥
⎦

,

α ∶=A, B ∶=ψB Sn1+φB , φB ∶= (En
1 [

2

∑
t=1

int]−En
1 [

2

∑
t=1

i−nt])×[
c

A
, −

c

A
]
′

,

ψB ∶=
τ

1/2
v τ

1/2
H (1+τm)

Nτ2
×[1 , N −1]′ .
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The first-order condition for Sn1 implies

Sn1 =
En

1 [P2]−P1− Aφ′BΣ(I + ACΣ)−1ψB

Aψ′
BΣ(I + ACΣ)−1ψB

.

The market-clearing condition∑N
n=1 Sn1 = 0 yields

P1 =
1
N

N

∑
n=1

En
1 [P2]−[c , −c]Σ(I + ACΣ)−1ψB

N −2

N −1
τ

1/2
H τ

1/2
v

1
N

N

∑
n=1

En
1 [v] .

We can show that P1 has the form Cg ×
1
N ∑

N
n=1 En

1 (v), and we can analytically prove

Cg =
τ1

τ2
+

2τHτv(1+τm)

Nτ2
−[c , −c]Σ(I + ACΣ)−1ψB

N −2

N −1
τ

1/2
H τ

1/2
v < 1. (B-28)

Therefore, at t = 1, the price P1 is a weighted average of traders’ valuations of the fundamental

value with weights summing to less than one.

We next compute return auto-covariance using traders’ beliefs. We can analytically prove

Covn [v −P2 , P2 −P1] =Covn [v − 1
N

N

∑
n=1

En
2 [v] , 1

N

N

∑
n=1

En
2 [v]−Cg × 1

N

N

∑
n=1

En
1 (v)]

=
τH (1+τm)(N −1−τm)(N −1)((2−Cg )(N −1)+2τH (1−Cg )(N −1+τm))(1−N +τm(−1+4τH (N −2)+N))

τm N 2(N −1+τH (τm +N −1))(N −1+2τH (N −1+τm))2
τv

> 0,

Covn [P2 −P1 , P1 −P0] = −
τH Cg (1+τm)2(N −1)2

τm N 2(N −1+τH (τm +N −1))2(N −1+2τH (N −1+τm))τv

×

(τH(τ2
m(2Cg −1)+(N −1)(2Cg (4τm +N −1)−(10τm +N −1)))+(N −1+τm)(Cg −1)(8τ2

Hτm +N −1)) < 0.

Traders believe that prices exhibit mean reversion in the first period because the disagreement

about diffusion terms dominates disagreement about drift terms in this specific two-period

model with the parameter τm defined in equation (B-23). At time t = 2, the dynamic dampening

effect dominates and the return exhibits momentum.

Assume traders are correct on average, under the empirically correct parameters that all

private signals have the same precision, traders’ private signals satisfy

înt ∶= ( 1
N τH(1+ τm

N−1))
1/2

(τ
1/2
v v)+ ênt with ênt ∼N(0 , 1). (B-29)
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Under empirically correct (objective) parameters, prices are

P1 =Cg
1
N

N

∑
n=1

En
1 [v] =Cg

τ
1/2
v τ

1/2
H

τ1
(1+τm) 1

N

n

∑
i=1

în1,

P2 =
1
N

N

∑
n=1

En
2 [v] =

τ
1/2
v τ

1/2
H

τ2
(1+τm)( 1

N

n

∑
i=1

în1+
1
N

n

∑
i=1

în2).

(B-30)

Substituting Equation (B-29) into Equation (B-30), we obtain the return auto-covariances

Cov[P2−P1 , P1−P0] =
CgτHτv(1+τm)2

Nτ1
(τH(1+ τm

N−1)(
2
τ2
−

Cg

τ1
)+ 1

τ2
−

Cg

τ1
) > 0.

Cov[v −P2 , P2−P1] = τ
1/2
H (1+τm)( 2

τ2
−

Cg

τ1
)(( 1

N τH(1+ τm
N−1))

1/2
−τ

1/2
H (1+τm)/N) > 0.

To summarize, in this example, there is no static dampening. Yet, due to dynamic dampen-

ing, returns nevertheless exhibit momentum under empirically correct parameters.

B.8 Return Autocorrelations Using Traders’ Beliefs

In this subsection, we use traders’ beliefs to study return dynamics. We show that dynamic price

dampening leads to positive return autocorrelation, implying that returns exhibit momentum.

In addition, return momentum is greater when traders can trade more frequently. Trader n

believes that the dynamics of Ḡ(t) ∶= 1
N ∑

N
n=1 Gn(t) and Gn(t) are given by

dḠ(t) = −(αG +τ)Ḡ(t) dt +(τ0+NτI)Gn(t) dt

+σGΩ
1/2τ

1/2
I ( dB n

n (t)+N â dB n
0 (t)+

N

∑
m=1,m≠n

dB n
m(t)) , (B-31)

dGn(t) = −αGGn(t) dt +σGΩ
1/2(τ

1/2
H dB n

n (t)+τ
1/2
0 dB n

0 (t)+τ
1/2
L

N

∑
m=1,m≠n

dB n
m(t)) , (B-32)

where â ∶= τ
1/2
0 /(τ

1/2
H +(N−1)τ

1/2
L ) and τ

1/2
I ∶= 1

N τ
1/2
H + N−1

N τ
1/2
L . Trader n believes that the instan-

taneous returns process is a linear combination of Gn(t) and Ḡ(t):

dP(t)+D(t) dt − r P(t) dt

= (
1

r +αD
+

CG(τ0+NτI )

(r +αD)(r +αG)
)Gn(t) dt −CG(

1

r +αD
+

τ

(r +αD)(r +αG)
)Ḡ(t) dt + dBr (t), (B-33)
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where dBr (t) is defined as follows:

dBr (t) ∶=
σD

r +αD
dB n

0 (t)+
σG CG Ω1/2

(r +αD)(r +αG)
(τ

1/2
0 dB n

0 (t)+τ
1/2
I ( dB n

n (t)+
N

∑
m=1,m≠n

dB n
m(t))) .

The holding period return from t = kh to t +T = (k + f )h is

Rk,k+ f =∫

kh+T

u=kh
er(kh+T−u)( dP(u)+D(u) du− r P(u) du). (B-34)

Define a continuous 2-vector stochastic process yG(t) = [Gn(t) , Ḡ(t)]′. It can be shown that

yG(t) satisfies the linear stochastic differential equation dyG(t) = KG yG(t) dt +CZ dZG(t),

where KG is a 2×2 matrix and CZ is a 2×3 matrix given by

KG =

⎡
⎢
⎢
⎢
⎢
⎣

−αG 0

τ0+NτI −(αG +τ)

⎤
⎥
⎥
⎥
⎥
⎦

, CZ =σGΩ
1/2

⎡
⎢
⎢
⎢
⎢
⎣

τ
1/2
0 τ

1/2
H (N −1)1/2τ

1/2
L

τ
1/2
0 τ

1/2
I (N −1)1/2τ

1/2
I

⎤
⎥
⎥
⎥
⎥
⎦

.

The vector dZG(t) = [ dB n
0 (t) , dB n

n (t) , (N −1)−1/2∑
N
m=1,m≠n dB n

m(t)]′ is a 3×1-dimensional

Brownian motion. We can then obtain recursive formulas for the stochastic vector yG(u) =

[Gn(u) , Ḡ(u)]′ for time u ≥ kh as a function of yG(kh) = [Gn,k , Ḡk]
′. Plugging these recur-

sive formulas into equation (B-34), we obtain the cumulative holding period return Rk,k+ f over

period T = f h between time kh and (k + f )h as a linear function of Gn,k and Ḡk :

Rk,k+ f = ζ2(T )Gn,k −ζ1(T )Ḡk + B̄k,k+ f . (B-35)

The coefficients ζ1(T ) > 0, ζ2(T ) > 0, and B̄k,k+ f in the equation above are defined as

ζ1(T ) ∶=
CG

(r+αG)(r+αD)
(er T −e−(αG+τ)T ) ,

ζ2(T ) ∶= e−(αG+τ)T

(r+αG)(r+αD)τ
((e(r+αG+τ)T −eτT )τ+CG (τ0+NτI)(eτT −1)) ,

(B-36)

B̄k,k+ f ∶= ∫

kh+T

s=kh
∫

kh+T

u=s
[a,−b]er(kh+T−u)+KG(u−s)CZ du dZG(s)+∫

kh+T

s=kh
er(kh+T−s) dBr (s),

where constants a and b are defined as follows:

a ∶= 1
r+αD

+
CG(τ0+NτI )

(r+αD)(r+αG)
, b ∶=CG( 1

r+αD
+ τ

(r+αD)(r+αG)
). (B-37)

Figure B-6 depicts Corrn [Rk− f ,k , Rk,k+ f ] for T = f h; plots are presented for markets with
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Figure B-6: Autocorrelations of Holding-Period Returns Under Trader n’s Beliefs,
Corrn [Rk− f ,k , Rk,k+ f ] for T = f h. The parameter values of r , A, N , αD , σD , αG , σG , τH ,
and τL are given in Table 2 in Section 4 of the paper.

different trading intervals h = 0.1, 0.2, 0.5, and 1. The return autocorrelations are positive and

increasing with trading frequency, implying that the time-series return momentum is more sig-

nificant when h is smaller and traders trade more frequently.


