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1.1

Jdasg nporpamMMbl «MarucTtp 3 KOHOMHUKH »

MaTeMaTHYECKH aHAJIN3

DiIeMeHTHl TEOPUU MHOKECTB
[ToHssTe 0 MHOXecTBAaX M UX 3NeMeHTax. [lomMHoXecTBa. Omepaluu Hag MHOXECTBaMM:
oO0benMHEHUE, TepeceyeHUe, pa3HOCTh. JIeKapTOBO MPOU3BEICHMUE NBYX M 6oce MHOXECTB;

ONIPOCEKIOMUU B3JICEMECHTA I€KapTOBa NPOU3BECACHUA.

OTobOpaxeHHe OMHOTO MHOXecCTBa B ApPyroe; obixacTh ompeaelcHuUsI, o6acTh 3HAYECHU I,
rpa¢uk orobpaxeHus. ToxaecTBeHHOe OoToOOpaxXeHUe MHOXecTBa B cebsa. OOpa3 aleMeHTa
UJIW MHOXECTBa M3 00acTu ompeneaeHus; (MOJHBIN) MpoobGpa3 31eMeHTa UJIM MHOXeCTBa

n3 obracTu 3HaueHU. KoMmo3unusa (Cynmepno3uusa) oToOpakeHUA.

B3amMHO onfHO3HaYHBIe OTOOpPaxkXeHUA (BIOXEHUSI) U OToOpaXeHU «Ha» (HakpoeiTus). O6-
paTHoe oToOpaxeHue. PaBHOMOIIHbB e (3KBUBAJEHTHBIE MO MOIMHOCTU) MHOXecTBa. Ko-
He4YHble U CYeTHBbIe MHOXecTBa. CYETHOCTh MHOXECTBA PAallMOHAJIbHBIX YMceJ. MOIMHOCTH
NOAMHOXECTBA CUYETHOTO MHOXeECTBa. MOIMHOCTh KOHEUYHOTO MJIU CYETHOTO OOBEIUHEHUS

CYHECTHBIX MHOXCECTB.

Yucaosasa npssmMasgs R u apudpmMeTrnyeckoe npocTpaHCTBO R"

BemecTtBeHHBIe (HelicTBUTENbHBIE) Yncaa. OTKPBITH 1, 3aMKHYTHIi1, TONYOTKPBITHIA OTPE3KH.
[MousiTue MaXopaHTH (BepXHed TPAaHWLIB) M MUHOPAHTH (HUXHEW TPAHUILB) MOIMHOXE -
CTBa BEI[ECTBEHHBIX YNCEJN, OTPAHUUYEHHOTO (CBEpXy, CHU3y) MHOXECTBa, HAMOONbBUIETO U

HaMMEHBIIETrO dJIeMEeHTAa MHOXecTBa, (TOYHOIW) BEepXHEel M HUXHEHN TpaHen.

CBOMCTBO MOJTHOTH YMUCIOBOUN MpPSIMOIi: TeopeMa O CYIIeCTBOBAHUU BepXHeW (HMXHEH)
TpaHuU U TeopeMa O HEMNMYyCTOTe MepeceYyeHUs BIOXEHHBIX oTpe3KoB. [IJ1OTHOCTL MHOXE-
CTBa pallMOHAaJbHBIX YHUCEJ KaK MOAMHOXECTBAa YUCIOBO npsimMoii. HecueTHOCTh OTpe3kKa

YUCIOBON MPAMOI; MOUIHOCTh KOHTUHYYMaA.

n
ApudmMmeTruueckoe (UYMCIOBOE, KOOpPAMHATHOE) mpocTpaHcTBOo R. Omepanuum cioxXeHUs 3Je-
n
MEHTOB (BEKTOPOB, TOueK) R° M yMHOXeHUSI UX HAa 4yucJo. [IOHSITME OTPAaHUMYEHHOTIO MHOXE-
n
ctBa B R.

o~ o o n
CBoiicTBAa MHOXKECTB HA YUCJOBOM npsasMouM M B R
o o o n
IToustue E-OKDCCTHOCTI/I TOYKM HAa YUCITIOBOU MPpAMOMU. OTKprTbII/I nmapanacjaenunena B R kak
OJEKAapTOBO NPOU3BEACHUEC OTKPBLITBIX YUCJTOBBIX OTPE3KOB. O6H.[e€ INOHATUE OKPECTHOCTHU

o o n
TOYKHW YUCIOBOMU NPAMOMU U TOYKHU MPOCTpaHCTBA R'. Cucremn Ky6I/I‘{€CKI/IX N mapoBbIX

"-OKpPEeCTHOCTEH.

BHyTpeHHI/IC, BHCIIHUE U TPAaHUYHBIE TOYKMU MHOXCECCTBA. BHyTpeHHOCTb, BHCIIHOCTDb MU
rpaHuuloa MHOXCECTBaA. I/ISOJ'[I/I])OBaHHbIC n npeaciaibHbIC TOYKM MHOXECECTBA. OTKprTbIC u
3aMKHYTbI€ MHOXCCTBaA. TEODGMLI 00 00bEAMHEHUU U NepeCceyYCHUU OTKPBLITHIX U 3AaMKHYTbIX

MHOXecTB. 3aMbIKaHUE MHOXECTBA. ,D,OHO.HHGHI/IH K OTKPBITBIM MU 3aMKHYTBIM MHOXECTBaM.

TeopemMa o HemycTOoTe TMepeceyeHMUs BIOXEHHBIX 3aMKHYTHIX Mapajjlelenunenon (MoaIHOTA
Rn). ITonaTe KOMMAaKTHOTO (T. €. OTPAHUYEHHOTO U 3aMKHYTOTO) MHOXeECTBa B R" u na
yucinoBoil mpsaMoii. HemycroTra mepecedeHUST BIOXEHHBIX HENMYCTHIX KOMMAaKTHBIX MHOXECTB.
TeopemMa 0 BHIIETIEHUN KOHEUYHOTO OTKPBITOTO MOKPBHITUS KOMIMAaKTHOTO MHOXECTBAa B R"
(Ha yucnoBoit mpsiMoii R).

IIlpenen mociie10BaTEJbHOCTH

n o o
[TousaTe mocnenoBaTenbHOCTH TOouekK R (unm Touek yucnoBoil mpsiMmoit R) m ee mpenena.
[MonmocnenoBaTeIbHOCTU U MpenelbHBIe TOYKU (YacTUUHBIe Tpepenbl). [Ipenen moamocne-

TOBATECJIbHOCTU CXOOALIEWCS MOCJIENOBATEIBHOCTH. TeopeMa BOHBHaHO—BCﬁCpLHTpaCC& o



BHIJEJIEHUUN CXONSIIEeHcsS MOAIMOCIEeI0BAaTEIbHOCTH M3 OTPaHUUYEHHOMW MOCIENOBATEIbHOCTHU
n o
Touek R'. [ToHsgaTue dyHnameHTanbHONW MmoclenoBaTelbHOCTU (mochaegoBaTealbHocTu Kommu).

o o . n
DKBUBAJEHTHOCTb MOHSITUN CXOASIIENUCS U (I)yH,HaMeHTaI[I)HOI/I nocienoBatealbHocTu B R.

YucnoBble MOCAENOBATEJIbHOCTHU: CyYmecCcTBOBaHUEC Npeaciay MOHOTOHHON OFpaHI/I‘IEHHOﬁ
MOCIECOOBATECIBbHOCTH, npeneanmﬁ Nepexoa B HEPABCHCTBAX, MOHATUEC BEPXHEITO M HUXHETO
npeancina. TeopeMm O nNpeacjae CyMMbl, pa3HOCTHU, NPOU3BEACHUA, YaCTHOIO ABYX Imocia€aoBa-

TEJIbHOCTEMN.

IIpenen hyuknuu. HenpepoiBHOCTh G YHKI U (0OTOOpPaAKEeHMIT)

YucnoBble (CKansipHbie) PYHKIUU KAaK OTOOpPaXeHUSI MTOAMHOXECTB R" unu yucnosoi nps-
MO B YMCIOBYIO IpsiMylo. OmnpeneneHue npenena GYHKIUU B TOUKE Ha SI3bIKe «E£-6»; MOHS-
TUe Npeaeda HAa OECKOHEYHOCTU. ApudpMeTuyeckue onepauumu Haga QYHKUMUSAMU ¢ oO1Ie it
obiacThio ompeaeneHuss. TeopeMbl O mpeaese CyMMBbl, Ppa3HOCTHU, MPOU3BEAEHUS, YACTHOTO

nByX GyHKuuii. [IpenenbHB I TTepexoa B HepaBeHCTBAX.

OnpeneneHue HENMpPepbIBHOCTU GYHKUUMU HaA A3bIKe «E£-6», B TepMUHaxX npeaeja GyHKIUU U
Ha sI3BIKe MOCHeJA0BaTeNbHOCTE; UX DKBUBAJEHTHOCTh. HempepBrBHOCTh CYMEPNO3ULUHA

HEeNpEepHBHBIX GYHKIIUIA.

OFpaHI/I‘IeHHOCTb HereprBHOﬁ YUCIOBOM (1)yHKHI/II/I U JOCTUXEHUE €10 CBOETo HauboablIe-

. n .
ro ¥ HaMMEeHbIIET0 3HAYEHU HAa KOMIMMAaKTHOM MHOoXecTBe B R (TeOpEMLI BeI/Iemepacca).

[ToHsiTMEe paBHOMEPHON HENMPEPHIBHOCTU YUCIOBOW PYHKIMYU HAa HEKOTOPOM MHOXECTBE B
n 1 .
R unu R. PaBHOMepHAasTI HENMPEepPLHIBHOCTh HENMPEPBHIBHON QYHKIIMU Ha KOMIMAKTHOM MHO-

XE€CTBE.

(DyHKHI/IOHaJ'[bHLIC nocienoBateslbHoCcTU. [ToToueuHas u paBHOMEpHAad CXOOUMOCTDH (byHK—
IIUOHAJNTBbHOU MOCIEAOBAaTEIbHOCTH. HerepI)IBHOCTI) (I)YHKI_[I/II/I, SABISIOMENCS MOTOYEUYHBIM

npeaceioM paBHOMEDPHO CXOOAIIeNcsd MOCIENOBAaTEIbHOCTH HEMNPEPBIBHBLBIX (I)yHKI_II/Iﬁ.

YucaoBble PYHKIIUU OAHOTO (YMCJOBOro) aprymeHra
OnIHOCTOPOHHUE Tpenedbl U Kiaccudukauus Touek pa3peiBa. [loHSITUE mpegesia Ha —00 U
+00. MOHOTOHHBIEe PYHKI UK, BUABI Pa3pHIBOB MOHOTOHHOHW dyHkuuu. Teopema o cymie-

CTBOBAHUUW U HENMPEPHIBHOCTN OOpaTHON GYHKUUU.

Ipenens

lim™, Imf +1V,  [imMit”*, limfizl, Ln.9+4--".

x->0 X x->°0 y X/ x->0 X x->0 X x->0 X
HempepbsBHOCTh dJI€MEeHTApHBIX GYHKIIUA.

TeopemMa O MPOMEXYTOUYHBIX 3HAUEeHUSAX GYHKIUU, HETIPEePHIBHOU Ha oTpe3kKe (Teopema
Komn).

HAuddpepeHuupoBanue cbyHKunﬁBRl

[MpousBogHasi, ee TeOMEeTPUIYECKUN U GU3UIECKUU CMBICT; ONHOCTOPOHHNE MPOU3BOAHEIE,
OecKOHEeYHbIe MTPOU3BONHBIe. HempeprlBHOCTD QYHKIIMU, UMeIolIeld Mpou3BoagHyto. [Ipous-
BOJIHAsl CYMMBI, TPOM3BENEHUS, YaCTHOTO ABYX GyHKuui. [IpousBonHas cioXHOW GyHKIUU.
ITpousBonHbie 31eMeHTapHbBI X GyHKuu. [MepBboiit ntudpdepeHumnan m ero reoMeTpUUYeCcKU

CMBICII.

Teopemnsl Ponnsa, Jlarpauxa u Komu. I[Ipasuno Jlonurtansa. [IpousBoaHbIe BRICHIUX TOPSAKOB.
®opmyna Teitnmopa (MaknopeHa). PasnoxeHnue mo popMmyne MakiaopeHa HEKOTOPHIX 3Jie-
MeHTapHBX GyHKUUuK. [Ipumenenue ¢dopmyns Teitnopa a9 NPpUOIUXKEHHBI X BBIYUCIEHU
3HaueHU pyHkuuu. [IpusHaku BodpacTaHus M yoObiBaHUS GyHKUMU. [TOHSITHE TOKAJIBbHOTO

U TN00aNbHOTO 9KCTpEMYyMa. CTaHI/IOHapHLIe TOUYKH. I[OCTaTO‘IHbIe yCa10BUA 3KCTpEMyMa.



10.

11.

12.

13.

Cnyqaﬁ OTCYTCTBHUA NPOU3BOAHBLIX B OTACJIbHBIX TOUKAX. BI)II'[YKI[LIC N BOTHYThLIC (l)yHKL[I/II/I,

ux rpapuku. Touku nmeperuba. PemeHune mpocTedmuX 3KCTpeMaJbHBIX 3aMay.

IIpousBonusie u nupdepenuualbl GYHKIUA HECKOJBKUX MePEeMEHHBIX (B Rn)

YactHbie npousBoaHubie. AuddbepeHuupyemoctsh. [lepBbiit nubdepenuuan. Caspb nudde-
peHuupyemoe™ u HenmpepbiBHOCTU. HeoOxoanumoe ycnoBue nudpdepeHuupyemoe™, no-
CTaTO4YHOE ycaoBue nudpdepeHuUpyeMoCcTH (B TEpMUHAaX CYUIECTBOBaHUS U CBOUCTB 4YacT-
HBbIX Tpou3BOAHBIX). KacaTenbHass NAOCKOCTb U HOpMaldb K NoBepxHocTU. [IpousBoaHas no
HampaBJeHulo. 'pagueHT. OpTOroHaAbHOCTb IpajuMeHTa MHOXECTBY YpOoBHS. AuddepeH-
HUpOBaHUE CIOXHOU dyHKuUU. YacTHBe MPOU3BOMHBIE BhICUIUX NOPAAKOB. JlocTaTOUHBIE
YCIAOBUS pPaBEHCTBAa CMeMaHHBIX Npou3BonHbix. @opmyna Teitnopa. TeopeMa o HesABHO

byHKIUU.

MeToasl onTnMplsauuuBRn

ITonsitTue akcTpemMyma (TOKaJdbHOTO MaKCUMYyMa UJU JOKAJIbHOTO MUHUMYyMa). DKCTPEMYM
NpU OTCYTCTBUU OTPAaHUUYEHHUN; HEOOXOMMMBIE M JOCTATOUYHBIE YCIOBUS JOKAJbHOTO 3KC-
TpeMyMa. DKCTpEeMYM IMpPU HAaJUYUU OTpaHUUYEeHUUN B popMe YypaBHEHU (YCIOBHBIN BKCTpE-
MyM); MEeTOJd MHOXMUTesel JlarpaHxa; 1O0CTaTOYHBIC YCIAOBUSI 3KCTpeMyMa NMPU HaAaJIUYUU
orpaHudyeHuin. [IlpumeHeHnue Metronga MHoxXuTeneu JlarpaHxa aJigs moucka HaubOOJAbIIETO
(HauMeHbIIEero) 3HaYeHUSI PYHKIUUMU Ha OTPAHUUYEHHOM 3aMKHYTOM MHOXECTBEe, 3aJlaHHOM

CUCTEMOW YypaBHEHU.

HeonpeneseHHbIli HHTErpaa

ITonsTue mepBOOOpPa3HOW U HeoMpeaeJeHHOro nHrerpajga. CBoiicTBa HEONMpPENEJIEHHOTO
WHTerpajna, Tabaiuiua UHTErpaaloB dJeMeHTaAapHBX GyHKuUil. [ITpueMb MHTErpUpOBaAaHUS.
MHTerpupoBaHue pallMOHaJdbHBIX Ap0o0Oeidl, MpoCTEeUIIUX UPPALIUOHAJNBHBIX GPYHKIU MUK, IpO-

CTEeUIIUX TPAaHCIHEHACHTHB X GYHKIIMA.

OnpeneneHHblidi MHTErpaa

3amavya oThICKAaHUS MJAOWAAU KPUBOJMHEeHHONW Tpaneuruu. OnpeaeNeHHB I HHTerpanl Kak
npenen uHTerpadlbHbix cyMmMmM. Cymmbl Jap6y. Kputepuit unrterpupyemocTtu. MHTerpupye-
MOCTb HENPEPHIBHBIX GYHKI U, MOHOTOHHBIX OTPAaHUYEHHBIX GYHKIUMN, QYHKUUN C KOHEY-
HBIM YUCJIOM TO4YeK pa3pbrBa. CBoliCTBa ONMpeAeNeHHOro HHTerpaiza. Teopema o cpeiHeM.
CymecTBOBaHUE mepBooOpa3Hod HenmpepbiBHOUW pyHKuuu. ®opmyna Heiotona—JleiiOGHMIIA.

3aMeHa MepeMeHHOUW NMoa 3HAKOM MHTeTrpaja. MHTerpupoBaHUeEe MO YAaCTAM.

YucaoBbie U PYHKIUOHAJbHBIE PAJIbI

IToHsiTue yucnoBoro psiga u ero cymMmmbl. Cxoasiuimecs U pacxoasiiuecs psaabl. [Ipumepsl.
HeobOxonumoe ycnoBue cxonuMocTu psaga. Kpurtepuit Komu cxognumocTtu psiza. 3HAKOMOCTO-
SHHBlE U 3HaKONMEepeMeHHbIe psAabl. [Ipu3Haku cpaBHeHUS paAoB. [Ipu3HakKu CXOOIUMOCTHU
Hanam6epa u Komu. UHterpanbHblii npusHak Komu. [MpusHak JleiiOHu1a 119 3HaKoue-
peaylomuxcs psiagoB. AGCOJIOTHO U YCJIOBHO cxoasiuiuecs psiabl. TeopeMa o mepecTaHOBKE

YJIEHOB YyCJIOBHO cXxonsiuierocs psiga (reopemMa PumaHa).

[ToToueyHass U paBHOMEepHass CXOAUMOCTh QYHKIIMOHANIBbHBIX pAgoB. Heobxoxumoe u no-
CTaTOYHOE YyCJIOBHME PAaBHOMEPHOUW cXxoauMocTu. [Ipu3dHaku paBHOMEPHON CXONUMOCTH.

TCOpCMH O PAaBHOMEPDHO CXOoOodUInUXCHd (byHKL[MOHaJ'[LHHX pangpax.

CTenmeHHbIE PAABI

Paguyc M MpoMEeXyTOK CXOAMMOCTU CTENEeHHOTO paga. @opMyasl AJs ONpeaeNeHUsT paguyca
cxonuMocTu. [louneHHoe nudPepeHUIMpPOBAHUE U MHTETPUPOBAHUE CTEINCHHBIX PSIIOB,
HEM3MEHHOCTh paguyca CXOOUMOCTHU. Pa3goXeHHe dIeMEeHTAPHBIX GYHKIUNX B CTEIIEHHbBIE

psansl. Teopema Beitepurtpacca o npuGIMXEeHUU HENMPEPHIBHBIX GYHKIMW MHOTOYJIEHaMU.
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OObIKHOBeHHbIe TU(PPepeHIUATbHbIE yDPABHEHHUS NEePBOro MopsaAaKa

Onpenenenue nudpdpepeHINAaIbHOTO YPaBHEHUS mepBoTro nmopsanka. [loasTtue odbmero u
YacTHOTO pemeHusT. TeopeMa cylmecTBOBAaHUS M eAIMHCTBEHHOCTH PEIIeHUSI. YpPaBHEHUS C
pasneNsSIOMUMUCSA MEpEMEHHBIMU U CBOOSAIIMEeCT K HUM. JIUHeiHHBIe OTHOPOJAHBIE U HEOM-

HOpPOOHBIC YpaBHEHUSA. YpPaBHEHUS B MOJHBIX nuddepeHInanax.

1.2 Jlutepatypa
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13.
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1.3 JluHeiiHasa ajareopa

1.

MaTpuubl 1 onepanum ¢ HUMHA

[ToHsiTME MPSIMOYTOJNBbHOW MAaTPUIBl; ONEPAllUMN CIOXKECHUS MAaTPUIl, YMHOXEHHS MaTpHUIIBI
Ha YUCJO, YMHOXEHMUS MaTpull. ENMHUYHAA U HyJdeBasgs MaTpulbl. TpakKToOBKa MpOCTpaHCTBA
R" xak MPOCTPAaHCTBA BEKTOPOB-CTOJOIOB MJIKM NMPOCTPAaHCTBA BEKTOPOB-CTPOK. YMHOXE-
HUEe MAaTPHUIBl Ha CTONOEIl M CTPOKW HAa MAaTPHMIYy KaK YaCTHBI U cliydyail yMHOXEHHUS MaTpUII.
CBoiicTBa aCCONMATUBHOCTH M NIUCTPUOYTUBHOCTH Oomepanuili ¢ MarpunaMu. Omepanus
TPAHCMOHUPOBAHUSA; TPAHCTIOHUPOBAaHNWE CYMMBl M IpOU3BeneHUSS MaTpull. [IoHsATHUE CUM-

METPUYHOMN MATPHILHI.

BekTopHBIE MPOCTPAHCTBA

O6uree ompeneneHue (BEUECTBEHHOTO) JUHEWHOTO NMpocTpaHcTBa; nmpuMmepbl. [loHsaTHE
CUCTEMBl BEKTOpPOB. JIUHeiiHBIe KOMOMHAIIUMN CUCTEMBl BEKTOPOB; MOHATHE TUHEWHOMN 3a-
BUCHUMOCTH U HE3aBUCHUMOCTH CUCTEMBl BEKTOPOB. YCIOBUE COXpPAaHCHUS JUMHEHUHON He-
3aBUCHUMOCTHU NMPU pPaCIIUPEHUU CUCTEMBl BEeKTOpPOB. TeopeMa o TMHEHHON 3aBUCUMOCTH
CUCTEMBl BEKTOPOB, IMHEHHO BHIpaXalIINUXCSI Yepe3 CUCTEMY C MEHBII UM YUCIOM BEKTOPOB.
[ToHATHMEe paHTa CUCTEMBI BEKTOPOB.



IMoussiTue 6a3zmca BeKTOPHOTO MpocTpaHcTBa. KoHeYHOMepHBIe MpocTpaHcTBa. [IpumMepnl
6a3ucoB. PaBHOMOIMHOCTD 6a3UCOB (B KOHEYHOMEPHOM NMPOCTPAHCTBE) U MOHITUE pa3Mep-
HocTu. JIluHeiiHast 3aBUCUMOCTDh CUCTeMHB U3 n + 1 BeKTopa B n-MepPHOM NMPOCTPaHCTBE.
Bo3MoXHOCTh fOTTONHEHUS N0 6a3nca N060ON NTMHEWHO HE3ABUCUMON CUCTEMBl BEKTOPOB.
Ba3uc xak MakcuMmaibHasg JUHENHO He3aBUCUMAas cucteMa BeKTopoB. OTHO3HAYHOCTH pa3-
JTOXEeHUWS BEKTOpa Mo faHHOMY 6a3ucy; koopnuHaTtel. CooTBeTCTBUE MeXOIy BEKTOpaMHu U
UX KoOOpOAWMHaTaMu. TpakKTOBKa KOOPAUHAT KaK 3JIeMEHTOB (KOOPAMHATHOTO) MPOCTPAHCTBA
R". CoxpaHeHUEe JUHEWHON 3aBUCUMOCTH M HE3aBUCHUMOCTH MPU MEePEXOne OT CHUCTEMEI

BCEKTOPOB K CUCTEME MUX KOOpAMUHAT.

lTousiTue MmommpocTpaHCTBa, COOCTBEHHOTO MOANMpPOCTpaHCTBAa. KOHEYHOMEPHOCTDh MOJI-
MpPpOCTPaHCTBA KOHEYHOMEPHOTO MPOCTPAHCTBA, HEPABEHCTBO MEXJy UX Pa3MEePHOCTIMU.
JluneitHast 060T0YKAa CUCTEMBl BEKTOPOB KaK MOAMPOCTPAaHCTBO. PaHT cUCTEeMBl BEKTOPOB U
pa3MepHOCTb ero IUHeiHO 00o0Mouku. JIuHeliHble (aphUHHBIE) MHOTOOOpPA3uUsd KaK CABUTH
MOANMPOCTPAHCTB; AaHAJNOTHUS C MPSIMBIMHU U MIOCKOCTSIMHA B TPEXMEPHOM TEOMETPUIECKOM

MpoCTpaHCTRBE.

Omepauvu ¢ TOANMPOCTPAaHCTBAMU: MepecedeHUe U BEeKTOpHas cymMmMma. [loHsATue mpsaMou
CyMMBI nIByYX (u Gonee) moampocTpaHcTB. CBs3b pa3MepHOCTEW CYMMBl U NMepecedYeHUus ¢

Pa3MEepPHOCTSIMU MCXONHBIX (IBYX) MOAMPOCTPAHCTB; CIy4Yail MPIMON CYMMBI.

CucrteMspl JUHEWHBIX (aJired0pandyecKux) ypaBHeHH

llpencrtaBieHue COBOKYMHOCTN HEM3BECTHBIX CUCTEMBl JUHEWHBI X YyPAaBHEHUNW U MPaBBIX
yacTell KaK BEKTOPOB B R" (B popmMe BEeKTOPOB-CTOJNOLOB UJIU BEKTOPOB-CTpPOK). MaTpuua
CUCTEMBl U MATPUYHO-BEKTOpPHAas ee 3amuch. [IpeacraBieHne MPIMOYTOJIbHON MAaTPUILH B
BUIE ceMelcTBa ee CTOJOIOB UJIU CeMeliCTBa CTPOK; TeOpeMa O COBMAJAEHUU PAHTOB B3TUX
ceMelcTB (TeopeMa O paHTe MAaTPUIIBI); pAaHT MATPUIBl, PAHT CUCTeMBl ypaBHeHU. [ToHsiTHE
O MaTpuIaXx MOJTHOTO paHra. BoipoXxgeHHBIe U HEBBIPOXIEHHbBIe KBaApaTHbBIe MAaTPUIIH.
TpakToBKa CUCTEMBl JUHEWHBI X ypPaBHEHU KaK 3amadud O Pa3JOXEeHUU MPaBOW 4acTU MO
CTONOIaM MAaTPUIBl CUCTEMBI. YCTOBUE CYNIEeCTBOBAHUS pelIeHUS NMPU NI0O0ON mpaBoil yacTu
(st tTaHHOW MATPUIBl CUCTEMBI) M YCIOBUE €AUHCTBEHHOCTHU MU OTCYTCTBUS PEIIEHUS B

TepMuUHax padnra matpunbl. Teopema KpoHnekepa-Kanennu.

MHOXEeCTBO pPeIeHN OMHOPOAHON CUCTEMBl JUHEWHBIX YPABHEHHU KaK MOAMPOCTPAHCTBO
B Rn, ero pa3MepHOCTh; 0a3Mc MOANPOCTPAaHCTBA pemeHU (pyHITaMeHTaJlbHasI CUCTEMAa pe-
MeHN) U 3aTUCh OOMIEeTO pemeHUd B GopMe TUMHEMNHON KOMOMHAIIUY C HEeOTpeaele HHBIMHU
KosdpoduuumeHnramMmu. Bo3MoOXHOCTDh 3a1aHU JTI0OOT0 MOANMPOCTPAaHCTBA B R" xak MHOXecTBa

pelIeHUN HEKOTOPOW CUCTEMBl JUHEWHBIX ONHOPOAHBIX YPABHECHUN .

CBsI3b MHOXECTBA PEIMIEHUN COBMECTHOW HEOMHOPONHOU CUCTEMBl M COOTBETCTBYIOIIEH et
. n
OTHOPOMHOW CUCTEMBI; 3aMUCh oOmero pemeHus. [Ipsgsmasg mw runepniockocth B R. Bos-
o n
MOXHOCTb 3ajJlaHUd N10O0T0o TMHeilHOTOo (adppuHHOrOo) MHoroo6pa3usgs B R° Kkak MHoXecTBa

pelIeHUN HEKOTOPOW CHUCTEMBI JUHEWHBIX YyDPABHEHUMN.

CucTteMbl TMHEHWHBI X YpPaBHEHUNH ¢ KBaApaTHON HEBBIPOXIEHHOW MaTpUIei; CYU[EeCTBO-
BaHUE U €EIUHCTBEHHOCTb pemieHUs. [loHdTue OOpaTHOW MaTpUUBl; €€ CYUI€ECTBOBaHUE U
€NIUHCTBEHHOCTD AJisl NI0OOOU HEBBIPOXAEHHON MAaTPULBl U OTCYTCTBUE AJISI BHIPOXKAEHHO
MaTpuubl. HeBBIpOXIEHHOCTh OOPAaTHOW MAaTPUILBl; NOBTOPHOE OOpalleHUEe. YMHOXEHUE
CUCTEMbl JUHEWHBIX yPABHEHUNW Ha HEBBIPOXIEHHYIO KBaApaTHYI MaTpULy KakK 3KBUBa-
JIEeHTHOe nmpeobpa3oBaHue cucteMbl. Mcnolb30BaHUEe KBUBaJEHTHBIX NpeoOpa3oBaHUU A4

BBIYUCIECEHUA paHra MaTpulbl U IMMOUCKA obmero peMIEHUA CUCTEMDI JIVUHE W HBIX ypaBHeHHﬁ.

Omnpenenureb MATPHUIBI
OnpenenuTenb KBaApaTHOU MaTpulbi. HEM3MEeHHOCTD ONMpPEeNeTUTENSI MPU TPAHCTOHUPO -

BaHUU MAaTpUIbIl. CMeHa 3Haka onpeaceauTend Npru NEPECTAaHOBKE IBYX CTPOK MU OABYX



CTONGIOB MaTpullbl. IUHEHHOCTDh OMIPEACTUTENS MO KAaXIOU CTPOKE M KaXAOMY CTOJOIY.
PaBeHCTBO HYyJI0O OmpeaenuTeNsT KaK HEOOXOOMMOEe U JOCTATOYHOE YCJIOBHE BBHIPOXIECHHOCTH

MaTpuibl. OnpeneauTeNb NIPOU3BEACHNUS MAaTPUIl, ONpPEeNeTUTENh OOpPAaTHOM MATPUIIHI.

[ToHsTue MMHOpA MPOU3BOJBHOTO MOpPSAAKA; ONpeneeHNEe paHra MAaTPUIBl B TEpMUHAX
MHUHOPOB. AITeOpandecKHne NOMOJTHEHUSA 3JIEMEHTOB MAaTPUILUBl U GOPMYJIB pa3loXeHMUS
ompemenuTeass Mo cTpoke uiau cronduy. @opmynsr KpaMmepa nias pemieHUS CUCTEMBl JUHECIH -
HBIX YpPaBHEHUMW ¢ KBAaIApaTHOMN HeBBHIpOXIOeHHON MaTpumeii. [IpucoenmHeHHass MaTpullia H

ee CBS3b C OOpPATHOM.

Boiuucnenue onpeaciuTesd NyTeM npeo6pa30BaHHH MAaTpUIbIL.

JIvHeliHbIEe OmMepaToOpPbl

JIuHeiHBI I onmepaTop KaK IMHEWHOEe OTOOpaxkeHUEe BEKTOPHOTO MpoOCTpaHCcTBa X B BEKTOP-
Hoe mpocTpaHcTBO Y; npuMepsl. CoBokynHocTh L(X, Y) Bcex TMHEeHHBIX omepaTopoB u3 X
B Y KakK BEeKTOpHOe nmpocTpaHcTBo. O6pa3 u gapo TuHeliHOTO onmepaTtopa. Cynmepno3uuusa

JUHEHUHBIX OMEPAaTOPOB.

MaTtpuua 1uHelHHOTO onmepatopa U3 X B Y 1Jis1 PUKCUPOBAHHBIX 0a3MCOB 3TUX MPOCTPAHCTB.
CoOTBETCTBHE MEXOYy ICHCTBUSIMM HaJ omepaTropaM¥u W Hal UX MaTpUIaMHU; MaTpuIa cy-
MEepNO3UILMU ONlepaTOopoB. MaTpUIIBl MMepexoga Mpu cMeHe 6a3ucoB B X U Y, UX HEBHIPOX-

IEHHOCTh; MpeoOpa3oBaHWe MAaTPHUIBl JMHEWHOTO OollepaTropa MpMU CMeHe 6a3nCOB.

JIuHeilHbIEe MPEeOOPA30OBAHNA BEKTOPHBIX MPOCTPAHCTB
JIvHeliHBIEe OTIepaTOpPhl, ICHCTBYIOIINEe M3 BEKTOPHOTO MpocTpaHcTBa X B cebsI; TOXIECTBEH-
HBIM OomepaTop; mpeobpa3oBaHue MOAOOMSI A UX MATPULl TpU cMeHe 6a3uca B X. OOpaTHBH it

omepaTop W €ro MaTpulla; yclIoBUe OOpaTUMOCTH OommepaTtopa B TEpMUHAX €Tro sapa u obpasa.
MuBapraHTHBIE MOANMPOCTpPAaHCTBA onmepaTopa. MHBapuaHTHOCTH oOpa3a M ssaApa omepaTopa.

CoOGCTBeHHBIC BEKTOPH U COOCTBEHHBIC UNCIAaJUHEWHOTO olmepaTopa U €ero MaTpuIibl. Xapak-
TEPUCTUYECKUNA MHOTOYJIEH MAaTPUIIBl oMepaTtopa, eT0O HEM3MEHHOCTD MPU NpeoOpa3zoBaHUHU
nmono6us. CrmekxTp omepaTopa U MaTPUIIBl, €TO COBMAaAeHUEe C MHOXECTBOM HYyJell xapakTe-
pucTUYecKorTo MHorouneHa. CoOCTBEHHOE MONNMPOCTPAHCTBO, COOTBETCTBYIOIIEEe NaHHOMY

COOGCTBEHHOMY 4YHCIY.

JIuHeliHasgs HE3aBUCUMOCTb CUCTEMBl COOCTBEHHBIX BEKTOPOB, COOTBETCTBYIOIIUX Pa3HBIM
COOCTBEHHBIM YucHaM. MaTpulbl (IUHEHHBIE OMEePaTOPbl) MPOCTOM CTPYKTYpPHI; AMATOHAJb-
HBIM BUIO MATPUIBl B 6a3nce M3 COOCTBEHHBIX BEKTOPOB (MpUBEAEHMNE MATPUIIBI MPOCTOM
CTPYKTYpPHl K IMAaTrOHAJbHOMY BUAY Mpeobpa3oBaHueM nonobus). Cob6CTBEeHHBIE YUCIA U

COOCTBEHHBIE BEKTOPHBI Onme€paropa NpoCKTUPOBaAaHUA.

EBKANI0OBBI MpPOCTpaHCTBA

[Monstue 6unuueiiHo dopmMel. CkansipHOe NIPOU3BEAEHUE; EBKIUIOBO mpocTpaHcTBOo. CTaH-
ImapTHOE CKaJsIpHOEe NMPOM3BEAECHUEC B Rn; MpUMEpHl APYTroro BeIOOpa CKaJdSIpHOTO MPOU3-
BeneHusa. JnuHa BeKTOpa W Yyrojd MeXIy BeKTopaMu (IIpu TaHHOM BBOOpE CKaJlsIpPHOTO

npousBeneHus). HepaBeHcrBo Komu—byHsgskoBckoro (HepaBeHcTBo lllBapma).

[Mounsartue OPTOTOHAJTBbHOCTU BECKTODPOB, JAHEWNHAd HE3aBUCUMOCTD CUCTEMBI HEHYJICBbBIX
nmnomapHO OPTOTrOHAJbHBIX BEKTOPOB. Hpouecc OpTOroHajJju3auumum MU CYmeEeCTBOBaAaHUE OPTO-
HOPMHUPOBAHHOTIO 0asuca. Bpra)KCHI/IC CKAaJIApHOIo MpoOM3BEACHUA ABYX BEKTOPOB Y€PE3 UX
KOOpAMHATBI B OPTOHOPMHUPOBAHHOM 0aszuce. OpTOFOHaHLHOC OJOMOJHEHUEC MOAMNPOCTPpAH-

CTBa; OPTOTOHANbHBIH MPOEKTOP.

Jlunetiubie onmeparopbl, COXpaHAIOIINEC CKAaJTAPHOC MPOU3IBECACHUC (I/ISOMCT])I/IH CBKIMNOOBbBIX

MPOCTPAHCTB); HX MATPHUIIBI B OPTOHOPMMUPOBAHHOM 06a3uce (OPTOTOHAJbHBIC MATPUIIBI).
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11.

12.

13.

14.

15.

HeBBIpO)KI[eHHOCTL OPTOTOHAJBbHBIX MaTpull, COBIMAaACHUC 06paTHOﬁ U TPaHCIIOHUPOBAH-
HOﬁ, NPpOU3BECACHUE OPTOTOHAJbHBIX MaTpHUIl. OHpe,E[eJII/ITeJ'IL U coOCTBEHHBIE YMCIa OpTOro-

HaJlbHOW MaTpHUIBl. MaTpPUILBl MMepeCTAHOBKHW, MATPUI Bl BpallcHUSA, MATPHUIBl OTPaXEeHMUS.

CaMoconmpsXeHHBe (CHMMETPUYHBIE) OMEePAaTOPbl, CAUMMETPUYHOCTDh UX MAaTPUIl B OPTO-
HopMuUpoBaHueM 06a3zuce. OpTOTOHAJbHOCTh COOCTBEHHBIX BEKTOPOB, COOTBETCTBYIO M UX
Pa3IMYHBIM COOCTBEeHHBIM YnciaM. CymecTBOBaHUE OPTOHOPMUPOBAHHOTO 6a3uca, COCTOS-
I eTo M3 COOCTBEHHBIX BEKTOPOB CUMMETPUYHOTO onepatopa. [IpuBeneHue CUMMETPUIHO K
MAaTPHUIB K IMAaTOHaJbHOMW popMe mpeoOpa3oBaHMEM MOAOOUS C OPTOTOHANBHOUW MaTpullei
nmepexona. CaMOCOMPSAXEHHOCTh OPTOTOHAJBHOTO NMpoeKTopa. Kmaccudpukanuss CAMMET -
PUYHBIX MATPUIl MO UX CIMEKTPY: MOJOXHUTEAbHO (OTPUILIATENbHO) ONMpeNeeHHBIC;, HEOTPHU -

HaT€JaIbHO (HCHOJ’[O)KI/ITSI[LHO) ONpeACTEHHBIC UIUN NONYONPEACIECHHBIC,; HEONIPECEACIECHHDBIC.

KBanpaTuunbie popMbl

KBagparuunas dopma. 3agaHme KBagpaTUIHOW GOPMBl MPU MOMOIIN CUMMETPUUYHOUN MaT-
puusl. [IpeobpazoBaHue MaTPUIU bl KBaJpaTUIHON GOpMBI IpU 3aMeHe MepeMeHHBIX. [Ipu-
BeleHUE KBaApaTUIHOUW GOPMB K KAHOHMYECKOMY BUAY (C I1MarTOHaJlbHOW MaTpuIleli) mpe-

obpa3oBaHUEM MEPEMEHHBIX C OPTOTOHAJbHOW MaTpUIIel Mepexoma.
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